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ABSTRACT
This paper evaluates the shear strength of masonry wall panels reinforced with FRP composite systems under outof-plane loading conditions. An analytical model and experimental study were developed to predict the out-ofplane shear strength of the FRP reinforced masonry walls. The experimental study was performed on eighteen
1000×600×200 mm walls reinforced with FRP on one side while the model is based on the theories of elasticity
and fracture mechanics. The presented study accounts for the shear contribution of the masonry units and the fiber
overlays. The experimental program presented in this paper is used for validation of the analytical model.
A parametric study is performed to evaluate the shear strength of the walls for various geometric properties of the
fiber reinforcement. It was found that the shear strength of the retrofitted system is a function of the thickness of
the FRP system used. As a result of this investigation, guidelines for selecting the thickness of the FRP retrofitting
systems can be determined for any required shear strength.
Copyright, IJCR, 2013, Academic Journals. All rights reserved.

INTRODUCTION

Mathematical model

Masonry walls, in general, suffer from a weakness in resistance to outof-plane loads. During its lifetime, a masonry wall could be subjected
to such loads under many circumstances including tornadoes and
hazardous blasts. Several research studies have investigated the
increase in the out-of-plane shear strength by the use of layers of Fiber
Reinforced Polymer (FRP) composites to retrofit the inner face of
masonry walls [1-8]. These studies indicated that the retrofitting
composite systems contribute significantly to the shear strength of the
masonry walls. A proper selection of the composite reinforcing system
and adequate fiber orientation has also been shown to have an
important effect on the amount of increase in the masonry out-ofplane strength [9-12].

The ultimate out of plane shear strength of the masonry walls
reinforced with FRP systems (Vn) consists of two terms: The shear
strength of the masonry units (Vnm), and the shear strength due to the
contribution of the FRP system (Vnf ), see Figure 1.
This can be expressed as

Efforts to produce numerical and analytical models to quantify the
shear strength of FRP reinforced masonry walls have been recorded in
the literature [13-15]. However, available models are all based on the
bond slip stresses at the interface between the FRP layer and masonry
blocks. An analytical study of reinforced concrete beams indicated
that its ultimate shear capacity consists of the contribution of the
concrete strength and arresting force from the steel reinforcement
[16]. This latter study employed a fracture mechanics approach in
estimating the ultimate shear capacity of the concrete section. In the
analytical model, the ultimate shear capacity of the FRP reinforced
masonry walls is calculated using the theories of elasticity and fracture
mechanics. The model considers the shear strength provided by the
masonry units as well as that provided by the FRP systems. An
experimental program was carried out to validate the developed
analytical model. A parametric study on the geometric properties of
the FRP layer was also performed to evaluate the ultimate shear
capacity of the composite walls under out-of-plane loads for various
geometric properties of the fiber reinforcement.
*Corresponding author: Hisham Abdelfattah
Department of Structural Engineering, University of Sharjah,
Sharjah, UAE

Vn = Vnm + Vnf

(1)

The derivation of the two terms is explained in the following sections.
Contribution of masonry units to shear strength
The contribution of masonry units to the shear resistance (V nm) has
already been established in the literature [17] as follows:

Vnm 

KIC BW
3zF1 (Q)  a

(2)

Where,
KIC=Fracture toughness of the blocks.
B=Width of the wall.
W=Depth of the wall.
z=Distance where the shear crack initiates, nearest mortar joint.
a=Crack length. a is assumed to vary as the crack propagates.
Q=a/W.
α=Crack angle to the longitudinal axis of the wall.

F1 ( Q) 

199
.  Q(1  Q)(2.15  393
. Q  2.7Q 2 )
(1  2Q)(1  Q)1.5

(3)

In this analysis the crack is assumed to propagate at the mortar joint
interface. Therefore, the angle α is considered to attain the value of
zero. Also, the crack initiation will occur at the mortar joint nearest to
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the support. This assumption will lead to an exact predetermined value
for the variable z in equation (2). Based on above assumptions, it can
be noted that the masonry contribution to the shear strength becomes a
function of only one variable “a” the crack length along the mortar
joint interface.

u & v=horizontal and vertical displacements in the adhesive layer,
respectively.
x & y=Longitudinal and perpendicular dimensions, respectively.
Differentiation of the last equation results in the following
expressions:

d 2 f p ( x)
dx2



Ga  d2u d2v



t p  dy2 dx2 

(7)

And,

d2 v
M
2 
dx
E mI tr

(8)

Where,
Figure 1. Layout of the loading condition, masonry wall, and the FRP
plate

2.2 Contribution of FRP overlay to shear strength
The shear contribution of the FRP overlay (Vnf) is determined using
basic engineering principles followed by those of fracture mechanics
at the onset of a cracking pattern. The FRP contribution to the shear
strength as given by ref (12) is (see Figure 1):

M =Moment
Em=Elastic modulus of masonry in tension
Itr=Moment of inertia of transformed section based on masonry.

d2u 1
 (   )
dy 2 t a p m

(9)

Where,

Vnf


 F( z) 


2
3

w  a3  c 

z CK


 p &  m =Interfacial

(4)

strains in the lower and upper faces of the
(4)
adhesive epoxy layer assuming perfect bond at the interfaces t a=
Thickness of epoxy layer.

Where,
c=concrete cover = 0
zCK=z + (a-c)cot α
F(z)=Normal force in the FRP. Calculation of F (z) is derived as
follows: The calculation of the normal force F(z) is derived as stated
by (Malek, Saadat Menesh and Ehsani 1998)[18] (see Figure 2).

Substituting equations (8) and (9) into equation (7) results in the
following expression:

d 2 f p ( x)
dx

2



Ga  p  m
M
( 

)
t p t a t a E mI tr

Since the term

M
E mI tr

is too small, relative to

(10)

 p m
 

 ta ta 

[15],

it can be neglected. Therefore, equation (10) becomes:
Figure 2. Free body diagram of an infinitesimal segment of the FRP layer

From the equilibrium of an infinitesimal segment of the FRP, the
interfacial shear stress between FRP (Plate) and masonry is given by:

( x) 

df p ( x)
dx

d 2 f p ( x)
dx

2

p 

tp



f p ( x)
Ep

G a f p ( x)
t pt a Ep



, and  m 

G a f m ( x)
t ptaEm

(11)

f m ( x)
Em

(5)
Where,

Where,

(5)

τ (x)=The interfacial shear stress

Ep = Elastic modulus of the FRP
and fm(x)=Tensile stress at the outermost tensile end of the masonry
block. It is obtained assuming the composite masonry/FRP section is
un-cracked under the applied loads.

Furthermore, the above equation can be expanded into:

Solving equation (11) for fp (x) gives:

fp (x)=Tensile stress in FRP overlays

t p =Thickness of FRP overlay

dfp ( x)
dx



G a  du dv 
  
t p  dy dx 

fp ( x)  C1 sinh( Ax )  C1 cosh( Ax )  b1x 2  b 2 x  b 3 (12)
(6)

With,
(6)

Where,
Ga=Shear modulus of the adhesive epoxy layer.
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ya1 E p
yE p
Ga
, b1 
, b2 
( 2a1 L1  a 2 ) , and
t pta
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Ga 
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(13)

Equation (19) gives the normal force in the fiber layer expressed as a
function of L1 (the distance form the fiber end to the cracked section)
and the applied loads on the wall.
To evaluate the shear strength of the composite system, equations (1),
(2) and (4) will be implemented bearing in mind that F(z) is also a
function of the applied shear on the wall.
(13)

Where,
y=Distance from the centroid of the transformed section to the
extreme tensile face of the masonry block
and
L1= Distance from the support to the FRP layer
If the following change of variable is performed:
x0 = L1 + x
The coefficients a1-3 can be found from the following moment
equation that considers uniformly applied loads:

M(x 0 ) = a1x 20 + a 2 x 0 + a 3

(14)
(14)

The boundary conditions for the system are:
fp (x) = 0 when x = 0
And

 Ls  

or

dfp
dx

Figure 3. Free Body Diagram of the interface between FRP and
the masonry wall

0

Testing program

Ls

Where,
Ls=Distance to point of zero shear, mesured from the plate end.

b 3 A sinh( ALs )  2 b1Ls  b 2
, and C2   b 3
A cosh( ALs )

C1 

(15)

The study by Malek, Saadat Menesh and Ehsani (14) shows that:

C1  b 3 , and C 2   b 3

MATERIALS

Substituting C1 and C2, of equation (15), in equation (12) gives:

 ( x)  b 3

A cosh( A x)  b 3 A sinh( A x)  2 b1x  b 2

(16)

Equation (16) Calculates of the shear force at the fiber/concrete
interface for a section defined by the distance z as shown in the figure
below:
The normal force in the FRP layer at a distance z from the support can
be expressed as:
z  L1

 ( x) bdx

F

0

(17)

Where,
b=Width of masonry wall
Substituting equation (16) into (17) gives:
z L1

F   b(b
0



3

A cosh( A x)  b

 

F  A f b3 1  e

3

 A  z  L1 

A sinh( A x)  2b x  b )dx
1

2

2

1

Where,
z=Distance to the mortar joint.
L1=Distance from the support to the FRP layer.
Af =Transverse area of FRP

1

1

Nine batches of mortar type “S” were employed in the fabrication of
the wall units. Three standard 50 (16)
mm cubes were cast from each of
the batches and tested for their compression strength, as described in
ASTM C 780. An average compressive strength of the mortar of 10.3
MPa was obtained.
Fibers and bonding adhesives
Two fiber reinforcement areas were used in the testing program. The
un-reinforced masonry walls were strengthened with a continuous
WEB fabric (primary Glass fabric) overlay combined with Tyfo S HiClear epoxy. The mechanical properties of the composite materials
used are shown in Table 1. The WEB fibers were attached to the walls
using Tyfo S epoxy resin. The Tyfo S epoxy resin consisted of two
(17)
parts of Tyfo A and B. The two parts
are mixed in a ratio of 100:42 by
volume for the standard Tyfo S products. Before placing the wall
specimens on the supports, the fabric overlay was trimmed with a
grinder to ensure that a uniform distance was maintained from the
fabric end to the supports. This trimming was conducted after the
bonding epoxy had cured.
(18)

(18)

  b ( z  L )  b ( z  L )  (19)
2

To validate the analytical model, presented in the previous sections, an
experimental program has been carried out. Eighteen 1000×600×200
mm hollow concrete masonry walls were built in the laboratory. Nine
walls were reinforced externally by one layer of glass fiber composites
on the tension side of the wall and (15)
the remaining nine were reinforced
with two layers of external glass fiber reinforcement. Three different
fiber lengths were evaluated: L, L-d/2, and L-d, where L is the wall
length and d is the depth of the wall (200 mm). Hollow- 200 mm
concrete masonry units (complying with ASTM Specification C90)
and type S mortar were used to form the walls.

Table 1. Material properties of the fiber used in the experimental
program

(19) WEB and
Composite
Materials
Tyfo Hi-Clear Epoxy
Ultimate Tension Strength
207 MPa
Ultimate Elongation
1.5 %
Elastic Modulus
13,790 MPa
Design Thickness
0.4 mm/layer
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Table 2. Testing configurations of the eighteen masonry wall, where d
represents the depth of the masonry wall
Set

Wall specimens

1
2
3
4
5
6

1, 2, 3
4, 5, 6
7, 8, 9
10, 11, 12
13, 14, 15
16, 17, 18

Number
of
FRP Layers
2

1

Distance from Support, L1
d/4
d/2
0
d/4
0
d/2

Test setup
Each of the wall specimens was tested in a simply supported beam
configuration in an effort to evaluate the out of plane shear strength of
the retrofitted masonry system. A clear span of 900 mm was used for
all walls. Two point loads, spaced 225 mm from the supports and at
450 mm centers, were applied to the specimens through wood bearing
strips until failure took place.

Figure 5. Load Vs. Deflection of Specimens 4, 5, 6, for Two Layers with
711.2 x 609.6 x 0.36 mm Fiber Composites

Test results
The readings and observations taken during the experimental program
consisted of: Applied load-wall deformation relation, failure load, end
slippage of the fibers, and modes of failure. Results of those
readings/observations are presented and discussed in the following
two sections.
Load deformation relationships
The testing program evaluated six different configurations of wall
specimens, each set consisting of 3 walls. These configurations are
shown in table 2 above. The influence of the two experimental
variables (reinforcement ratios and fiber length) on the wall failure
loads and deformation are shown in Figures 4 to 9. The loads used in
those figures represent the shear loads, which due to the
configurations represent 50% of the applied total loads. Figure 4
shows the loads versus the deflection for specimens of Set 1. The load
deflection is shown to be linear elastic up to failure, for all walls of
Set 1. However, Wall 2 supported more loads than either Wall 1 or
Wall 3. The average failure load for the three walls was 26.27 kN. It
was noted that the amount of slippage at the fiber ends of the
specimens was extremely small and it appears that almost a perfect
bond existed between the fiber overlay and wall, for the stress levels
evaluated. The load deflection curves shown in Figure 5 (Set 2) are
shown to be linear elastic up to failure in walls 4 and 5. Wall 6
revealed more ductile behavior than either Wall 4 or Wall 5. The
average failure load for the three walls was 26.46 kN.

Figure 6. Load Vs. Deflection of Specimens 7, 8, 9, for Two Layers With
914.4 x 609.6 x 0.36 mm Fiber Composites

Figure 7. Load Vs. Deflection of Specimens 10, 11, 12, for One Layer
with812.8 x 609.6 x 0.36 mm Fiber Composites

Figure 4. Load Vs. Deflection of Specimens 1, 2, 3, for Two Layers
With 812.8 x 609.6 x 0.36 mm Fiber Composites

The load deflection curves shown in Figure 6 (Set 3) exhibit nonlinear behavior with a continuously reducing slope. The average
failure load for the three walls was 23.62 kN. Figure 7 shows the load
versus the deflection for the wall specimens of Set 4. The load

Figure 8. Load Vs. Deflection of Specimens 13, 14, 15, for One Layer with
914.4 x 609.6 x 0.36 mm Fiber Composites
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Also shown in table 4 is a difference between experimental and
analytical ranging from 1.1% to 18.3%. This is expected since the
strength of masonry blocks joined by mortar is unpredictable due to
the non-homogeneous nature of this composite material. It is also
noted that, in general, less error between experimental and analytical
data is observed when the thickness of FRP layer is doubled. This
could be attributed to the higher contribution of FRP to the shear
capacity, since FRP is more homogeneous and its properties more
predictable than the masonry-mortar composite.
Table 4. Comparison between experimental and analytical shear capacity
results. Where d represents the depth of the masonry wall
Number of
FRP Layers
Figure 9. Load Vs. Deflection of Specimen 16, 17, 18, for One Layer With
711.2 x609.6 x 0.36 mm Fiber Composites

1

deflection of this configuration is shown to be nonlinear elastic up to
failure. Wall 11 supported more loads than either Walls 10 or 12, and
the average failure load for the three walls was 24.4 kN. The load
deflection curves in Figure 8 (Set 5) show the nonlinear elastic
behavior of Walls 13, 14 and 15. Wall 13 revealed a more ductile
behavior than either Wall 14 or Wall 15. The average failure load for
the three walls was 25.3 kN. The load deflection curves in Figure 9
(Set 6) show that Walls 16, 17, and 18 exhibited essentially linear
elastic behavior up to failure. The average failure load for the three
walls was 26.26 kN.

2

Modes of failure

Distance from
Support, L1
0
d/4
d/2
0
d/4
d/2

Analytical
Pu (kN)
21.9
21.9
21.4
27.6
26.5
25.4

Difference as %
of Experimental
13.3
10.0
18.3
17.0
1.1
3.8

Furthermore, a parametric analysis, using the analytical model, has
been performed to study the effect of increasing the thickness of the
FRP layer. The results of this analysis are shown in table 5.
Table 5. Parametric analytical shear capacity results, where d represents
the depth of the masonry wall.
Number of FRP Layers
3

Table 3 summarizes the failure loads. It was noted during testing that
three specimens failed in a typical diagonal shear failure and the
remaining fifteen specimens failed by opening of the mortar joint in
the shear area, followed by the formation of a diagonal shear crack
that extended from the vertical joint to the point of the concentrated
load. Final failure occurred when the block web crack met the
interface between the fiber and the masonry blocks and then it
propagated along the interface to the fiber composite end.

Experimental
Pu (kN)
25.2
24.3
26.2
23.6
26.2
26.4

5

10

Distance from Support, L1
0
d/4
d/2
0
d/4
d/2
0
d/4
d/2

Analytical Pu (kN)
36.3
35.9
35.1
38.3
37.8
37.3
42.6
42.2
41.7

Table 3. Experimental results from the masonry wall specimens
Specimen No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

Number of
Reinforcement Layers
2L
2L
2L
2L
2L
2L
2L
2L
2L
1L
1L
1L
1L
1L
1L
1L
1L
1L

Distance from Supports
(wall depth d = 193.7 mm)
d/4
d/4
d/4
d/2
d/2
d/2
0
0
0
d/4
d/4
d/4
0
0
0
d/2
d/2
d/2

Validation of the mathematical model and discussions of results
The mathematical model was used to predict the ultimate shear load
for the cases considered in the experimental program. A comparison
between analytical and experimental results is presented in Table 4.
The results in table 4, in general, show an increase in the average
shear capacity with the increase of FRP area. This remark is
particularly true when examining results obtained from the analytical
model as the increase due to the use of two FRP layers compared to
one layer is 22%.

Maximum Loads (kN)
66
51.1
40
50.2
55.8
53
40.9
46.5
53.9
47.4
50.2
49.3
45.6
56.7
50.2
52.1
58.6
47.4

Average Deflection at
max loads (mm)
2.5
2.1
1.7
3.3
2.7
4.5
2.7
3.2
3.5
2.9
3.8
3.3
4.0
2.6
3.1
2.7
3.2
2.8

Average Maximum
Loads (kN)
52.4

52.8

47.1

48.7

50.5

52.4

Figures 10a and 10b show the effect of the distance of the FRP layer
from the support and the number of FRP layers on the ultimate shear
capacity of the composite masonry wall respectively. Data in these
figures are based on results from the analytical model only. Figures
10a and 10b clearly show that the ultimate shear capacity increases
with the increase in the number FRP layers. The distance of the FRP
layer from the support, however, has a less significant effect on the
shear capacity of the composite masonry walls. Using second order
polynomial trend line, the ultimate shear for a wall with zero FRP
layers may be estimated to be 16 kN. The approximate increase due to
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adding one or two layers of FRP will be 37% and 72.5%, respectively,
for the case where L1 is zero.
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