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1. INTRODUCTION

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 (Rosenfeld, 1975). Later on, Bhattacharya (1987) gave some
remarks on fuzzy graphs. Some operations on fuzzy graphs were introduced by Mordeson and Peng (2008). The conjunction of
two fuzzy graphs was defined by Nagoor Gani and Radha (2008). We defined the direct sum (Radha and Arumugam, 2013),
strong product (Radha and Arumugam, 2014) of two fuzzy graphs and studied their properties. In this paper, maximal product of
two fuzzy graphs is defined. It is proved that when two fuzzy graphs are effective then their maximal product is always effective.
Also it is proved that the maximal product of two connected fuzzy graphs is connected. The degree of a vertex in the maximal
product of two fuzzy graphs is obtained. It is illustrated that when two fuzzy graphs are regular then their maximal product need
not be regular. But it is proved that the maximal product of two regular fuzzy graphs is regular with some restrictions.

2. Preliminaries

First let us recall some preliminary definitions that can be found in (Bhattacharya, 1987; Mordeson and Peng, 2008; Nagoorgani
and Radha, 2008; Radha and Arumugam, 2013; Radha and Arumugam, 2014).

A fuzzy graph G is a pair of functions (o, i) where ¢ is a fuzzy subset of a non empty set V and p is a symmetric fuzzy relation on
6. The underlying crisp graph of G:(o,u) is denoted by G*(V,E) where ECc Vx V.

Let G:(o, p) be a fuzzy graph. The underlying crisp graph of G:(o, ) is denoted by G*:(V, E) where E ¢ VxV. A fuzzy graph G is
an effective fuzzy graph if w(u,v) = o(u) A o(v) for all (u,v)€eE and G is a complete fuzzy graph if p(u,v) = o(u) A o(v) for all
u,veV. Therefore G is a complete fuzzy graph if and only if G is an effective fuzzy graph and G* is complete.

The degree of a vertex u of a fuzzy graph G is defined asd (u) = Zu(uv) = Z p(uv) . If dg(v)=k for all ve V, that is, if each

u#v uveE
vertex of G has the same degree k, then G is said to be a regular fuzzy graph of degree k or a k-regular fuzzy graph. The regular
fuzzy graph G is called a full regular fuzzy graph if its underlying crisp graph G* is a regular graph and called a complete regular
fuzzy graph if its underlying crisp graph G* is a complete graph.
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3. Maximal product

3.1Definition

Let Gy:(o1,1y) and Gy:(oy,1p) denote two fuzzy graphs with underlying crisp graphs G,*:(V,E;) and G,*:(V,,E,) respectively.
Define G:(o, p), where 6 = 6, = 6, and 1 = ; « W, with underlying crisp graph G*: (V, E) where V=V, x V, and E = {(u;, v|)(u,,

Vo) /0=y, vi Vo€E; or vi= vo,uy weE; 3, by o(uy, vi) = 61(uy) v 65(vy), for all (uy, v) €V X V, and

G, (u) Vv, (v,v,),ifu, =u,,vv, €E,

m((up, vi)(ws v,)) :{

B (uu,)vo,(v,),if v, =v,,uu, €E,

Case(i)If w;= u; and v; v,€E; then, p((uy, vi)(uz, v2)) = 61(u1) v pa(vi v2) £ 61(u1) Vv (62(V1) A 62(v2))
= (o1(u) v 62(v1)) A (61(11) Vv 62(v2)) = 6(uy, vi) A 6(Uz, V2).

Case(ii)If u; u,€E; and v;= v, then, p((u;, vi)(uy, v2)) = wi(u; u) v 62(vi) < (61(ur) A 61(12)) Vv 62(v1)
= (o1(u;) v 62(v1)) A (61(12) Vv 62(v1)) = 6(uy, vi) A 6(Uz, V2).

Hence pw((uy, vi)(uy, v2)) < o(uy, vi) A o(uy, v). Therefore, G:(o, p) is a fuzzy graph. This is called the maximal product of the
fuzzy graphs G, and G, and denoted by G*G,.

3.2 Example

The following Figure 1 illustrates the maximal product G,*G, of the two fuzzy graphs G, and G,.

Gi:(o1, 1) G,:(03, 1) G1*Gz:(o, p)
ul(()s) 0.4 u2(06) V1(04) B VI(OS) 0.5 5] V2(05)
0.4
0.3 05
u3(0.7) v2(0.5)

Fig. 1.
3.3 Theorem

The maximal product of two effective fuzzy graphs is an effective fuzzy graph.
Proof:
Let Gy:(o1,1) and G;:(0,,1,) be effective fuzzy graphs.

Then py(uuy) = 61(u;)Aci(uy) for any uju,eE; and py(vivy) = 65(vy) A 62(v,) for any vyv,€E,. Then proceeding as in the definition,
Case(i)If u;= v, and v, v,€E, then, p((uy, vi)(uz, v2)) = 61(uy) v pa(vi v2) = 61(uy) v (62(V1) A 62(V2))

= (01(u)) v 62(v1)) A (01(u1) v 62(Vv2)) = 6(uy, Vi) A (U, V2).

Case(ii)If u; uz€E; and vi= v, then, u((u, vi)(uz, v2)) = wi(u; uz) v 62(vi) = (o1(u1) A 61(12)) v 62(v1)

= (o1(u)) v 62(v1)) A (01(uz) v 63(v1)) = o(uy, Vi) A (U, V2).

Thus p((uy, vi)(uy, v2)) =o(uy, vi) A 6(uy, v,) for all edges in the maximal product.

Hence G+G; is an effective fuzzy graph.

3.4 Example

Consider the following Figure 2. The two fuzzy graphs G, and G, are effective fuzzy graphs and their maximal product G;*G; is
also an effective fuzzy graph.
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Gi:(o1, 1) G,:(02 1) G1*G;:(o, p)
1;(0.6) v1(0.7) uvi(0.7) 0.6 u;v,(0.6)
0.3 0-5
0.5 0.7
u,(0.3) v,(0.5) u,v,(0.5) 0.5 u,v((0.7)

Fig.2.

But for the maximal product G,*G, to be an effective fuzzy graph, G; and G, need not be effective fuzzy graphs. The following
Figure 2(a) illustrates this

Gi:(o1, 1) G2:(02, 12) G1*G,:(o, p)
1,(0.6) v1(0.5) uv1(0.6) 0.6 u;v2(0.7)
0.4 0.3
0.7 0.5
1(0.5) v2(0.7) uv2(0.7) 05  wv(0.5)

Fig.2(a).
3.5 Theorem

The maximal product of two connected fuzzy graphs is always a connected fuzzy graph.
Proof

Let Gi:(op,y) and Gs:(op,1) be two connected fuzzy graphs with underlying crisp graphs G;*:(V,E;) and G,*:(V,,E,)
respectively. Let Vi = {u;, uy, ........... Ut and Vo= {vy, voy ceennnnn. Vot
Then w,"(uy;) > 0 for all u;, y; € V; and p,*(viv;) > 0 for all v, v; € V.

The maximal product of Gy:(oy,11) and G:(o,,11,) can be taken as G:(o, p). Now consider the ‘m’ sub graphs of G with the vertex
sets {wvy, UiV, «vvvnnnnn. ,uvy fori=1,2,...... ,m. Each of these sub graphs of G is connected since the u;’s are the same and since
G, is connected, each v; is adjacent to at least one of the vertices in V,. Also since G is connected, each u; is adjacent to at least
one of the vertices in V;.

Therefore there exists at least one edge between any pair of the above ‘m’ sub graphs. Thus we have p”((u;,v;) (uy,v;)) > 0 for all
(u3,v)) (u,v;) € E. Hence G is a connected fuzzy graph.

3.6 Remark

The maximal product of two complete fuzzy graphs is not a complete fuzzy graph because we do not include the case uju,€E; and
viv,€E, in the definition of the maximal product. Since every complete fuzzy graph is effective, from Theorem 3.3, we have the
maximal product of two complete fuzzy graphs is an effective fuzzy graph. Consider the following Figure 3 where G, and G, are
complete fuzzy graphs and their maximal product G;*G; is an effective fuzzy graph.
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Gi:(o1, 1) G,:(03, 1) G1*Gz:(o, p)

w(0.5) 05 u(0.6) “w(0.7) wvi07) 07w vy0.8)
0.7

0.5 6

u3(0.7) v2(0.8)

Fig.3.
4. Degree of a vertex in the maximal product

The degree of any vertex in the maximal product G;*G, of the fuzzy graph G;:(o1,1;) With G;:(o,1) is given by,

dcl*cz (ui,v_i)z Z W, (uiuk)vcz(vj)+ z cl(ui)vuz(vjv/,) .

g eE v, = v, =y vy, €E,
4.1 Notation
The relation o, < 0, means that 6;(u) < o,(v) for every ueV, and for every ve V, where c; is a fuzzy subset of V;, 1 =1,2.
4.2 Theorem

If Gy:(o1,14) and Gy:(o,,12) are two fuzzy graphs such that 67 < p, then the degree of any vertex in the maximal product of the two
fuzzy graphs is given by,

dg .q, (U, V) = dc; (u))o, (v))+dg, (v)).

Proof:
If G:(o1,1) and Gy:(op,W,) are two fuzzy graphs such that 6, < i, then 6,> ;.

Then the degree of any vertex in the maximal product is given by,

dGl*Gz (ui,vj)z Z ul(uiuk)vcz(vj)+ Z cl(ui)vuz(vjv(,)

uuy €EpLvi=v, u;=uy Vv, €,y
= 2 o)r X mvy)
uju €E,Lvi=v, u;=uy,v;v, €Ey

= dG; (u))o, (Vj) + dG2 (Vj)'
4.3 Theorem

If Gy:(o1,11) and Gy:(0,,112) are two fuzzy graphs such that 6; <, and o, is a constant function of value ‘c’, then the degree of any
vertex in the maximal product of the two fuzzy graphs is given by,

dg ., (U, V) = do;‘ (u)e+dg (v)).

Proof:

Let Gy:(o},1;) and Gy:(o,,1,) be two fuzzy graphs such that 6, < p, and o, is a constant function of value ‘c’. Also, 6, < p, implies
that Gy > K.
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Then the degree of any vertex in the maximal product is given by,
Z “l(uiuk)vcz(Vj)+ Z G,(ui)vuz(vjv[)

u;=uy,v;v, €y

dGl*G2 (ui ’ VJ) =
uuy €EpLvi=v,

= Z Gz(vj)+ Z Hz(VjV/,)

vy €BpLvi=v, u;=uy,v;v,€Ey

= dc; (u)e+dg, (v)).

4.4 Theorem
If Gy:(o1,111) and Gy:(0a,1L2) are two fuzzy graphs such that 6, < p; then the degree of any vertex in the maximal product of the two

fuzzy graphs is given by,
dGl*Gz (u;,v;) = dG, (u;)+ dG; (Vo (u;).

Proof
If Gy:(o1,11) and Gj:(o,,1,) are two fuzzy graphs such that 6, < p; then 6; > p,. Then the degree of any vertex in the maximal

product is given by,
Z “l(uiuk)vcz(Vj)+ Z G,(ui)vuz(vjv/)

Ui =uy Vv, €y

dGl*G2 (u;, Vj) =
uuy €EpLvi=v,

= Z p(uu )+ Z o, (u))
uju €B,Lvi=v, uj=uy,v;v,€Ey

=dg (u) +dG; (v;)o, (u)).

4.5 Theorem
If Gy:(o3,14) and Gy:(o,,11,) are two fuzzy graphs such that 6, < p; and o is a constant function of value ‘c’, then the degree of any

vertex in the maximal product of the two fuzzy graphs is given by,

dGl*Gz (ui ’Vj) = d01 (ui) +dG§ (Vj)c'

Proof
Let Gy:(o1,11) and Gs:(o,,1,) be two fuzzy graphs such that 6, < ; and o is a constant function of value ‘c’. Also, 6, < p; implies

that 6, > p,. Then the degree of any vertex in the maximal product is given by,
Z Gl(ui)vuz(vjvf)

u;=uy,v;v, €y

dGl*Gz (ui,vj) = Z ul(uiuk)vcz(vj)+

uuy €EpLvi=v,

= Z p(uu )+ Z o, (u;)
vy €E,Lvi=v, uj=uy,v;v,€Ey

=dg (u;) +dG§ (vje.

4.6 Theorem
If Gi:(o,11) and G;:(0,,11,) are two fuzzy graphs such that 6, > p, and 0, > p, then the degree of any vertex in the maximal product

of the two fuzzy graphs is given by,
dGl*Gz (u; an) = dle (u))o, (Vj) +dG; (Vj)Gl (u)).

Proof
Let Gy:(o1,1) and Gy:(oa,1,) be two fuzzy graphs such that 6; > w, and o, > ;. Then the degree of any vertex in the maximal

product is given by,
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dGl*Gz (ui’vj): 2 “1(uiuk)V62(Vj)+ Z 61(ui)VH2(Vij;)

ulukeEl,vJ:V/ u;=uy ,vJv/sEz
= 2 o)+ X o)
“u“kEEhVJ:V/ uI:uk,vJv,EE2

= de (uy;)o, (Vj) + dG*z (Vj)cl (u;).

4.7 Example

Consider the maximal product of the two fuzzy graphs G,:(oy, 1) and G;:(o,, Wp) such that o; < p, given in Figure 3 of Remark
3.6. Then the degree of any vertex in the maximal product of the two fuzzy graphs is given by,

dGl*Gz (ui,vj) = dG; (u))o, (Vj) + dGZ (vj).

Now,
dg .6, (u,v,)=0.7+0.7+0.7=2.1 and d . (u,)o,(v,) +dg, (v,) =2(0.7)+ 0.7 = 2.1

dg .6, (u3,v,)=0.7+0.8+0.8=2.3 and d_. (u;)o,(v,)+dg, (v,) =2(0.8)+0.7=2.3
5. Regular property of maximal product

If Gy: (o1, 1) and Gy: (02, W) are two regular fuzzy graphs then their maximal product G,*G, need not be a regular fuzzy graph. It
is illustrated with the following example.

5.1 Example

Consider the following two fuzzy graphs Gy:(o;, ) and G,:(o,, ) which are regular but their maximal product G;*G, is not a
regular fuzzy graph.

Gy * Gy:i(02, 1)

Gi:(o1, 1) G;:(02, I12)
v1(0.4)

1,(0.9)
o

05 v4(0.5)

1,(0.8)

Fig.4.

But with few restrictions it can be proved that the maximal product of two regular fuzzy graphs is regular. The following theorems
explain the conditions for the maximal product of two regular fuzzy graphs to be regular.

5.2 Theorem

If Gy:(oy,1y) is a partially regular fuzzy graph and G;:(o,,11,) is a fuzzy graph such that o) < p, and o, is a constant function of
value ‘c’, then their maximal product is regular if and only if G, is regular.

Proof

Let Gy:(o},1) be a partially regular fuzzy graph such that G,* is ry-regular and G,:(o,,11,) be any fuzzy graph with 6, < W, and o, is
a constant function of value ‘c’. Now assume that G,:(oy,1,) is a k-regular fuzzy graph. Then,
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dg ., (W, V) = dG; (u;)o, (v;) +dG2 (vj) =re+k.

This is a constant for all vertices in V;xV,. Hence G;*G, is a regular fuzzy graph.
Conversely assume that G;*G, is a regular fuzzy graph. Then, for any two vertices (u;,v;) and (up,v,) in VXV,

dGl*GZ (ul s Vl ) = dGI *G, (u2 4 V2)
= dG,‘ (u1 )Gz (Vl) + dG2 (Vl ) = dGr (uz )Gz (Vz) + d’Gz (VZ)
= I‘IC-i-dGz (VI)ZI'IC"‘d»GZ (v2)
= dg, (v)) =dg, (v,)
This is true for all vertices in G,. Hence G, is a regular fuzzy graph.

5.3 Theorem

If Gy:(oy,1y) is a fuzzy graph and G,:(0,,1,) is a partially regular fuzzy graph such that o, < p, and o, is a constant function of
value ‘c’, then their maximal product is regular if and only if G, is regular.

Proof: Proof of this theorem is similar to that of the theorem 5.2.
5.4 Theorem

If Gy:(oy,1y) is a partially regular fuzzy graph and G,:(o,,W,) is a fuzzy graph such that o, < p, and o, is a constant function of
value ‘c’, then their maximal product is regular if and only if G, is regular.

5.5 Theorem

If Gy:(o1,11) and Gy:(o,,11,) are two partially regular fuzzy graphs such that 6, > @, 6,> p; and o, is a constant function of value
‘c’, then their maximal product is regular if and only if 6, is a constant function.

Proof

Let Gy:(o1,11) and Gy:(o,,1,) be partially regular fuzzy graphs such that 6; > p,, 6, > 1, and o6, is a constant function of value ‘¢’
with G;* is r;-regular, i=1,2. Now assume that o, is a constant function of value ‘k’. Then,

dGl*GZ (uian) = dG}‘ (ui)GZ(VJ‘)J’_dG; (Vj)Gl(ui) =rc+rk

This is a constant for all vertices in VxV,. Hence G;*G, is a regular fuzzy graph.
Conversely, assume that G*G, is a regular fuzzy graph. Then, for any two vertices (u;,v;) and (u,,v,) in V{xV,,

dg o, (U,V,) = dg g, (U5, )

= do; (up)o,(v)+ dc; v,))o,(u) = dc,* (u,)o,(v,)+ do; (v,)o,(u,)
= rc+r5,0,(u,) =rc+r0,(u,)

= c,(u)=0,(u,)

This is true for all vertices in G,. Hence o, is a constant function

5.6 Remark

The maximal product of two full regular fuzzy graphs need not be full regular. In the Example 5.1, the fuzzy graphs G;:(cy, ;) and
G;:(0y, W) are full regular and their maximal product G*G, is partially regular and not a full regular fuzzy graph. Also the
maximal product of two complete regular fuzzy graphs is partially regular and not complete regular. This is illustrated through the
following example. Consider the two complete regular fuzzy graphs G:(oy,1,) and G;:(o,,}1,) and their maximal product in

Figure 5.
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Gi:(o1, 11y) G3:(03, 1) G1*G;: (o, n)
u,(0.7) vi(0.4) u; v(0.7) 0.7 u; v2(0.7)
0.5 0.3 0.5 0.5
u,(0.6) v2(0.5) uy v(0.6) 0.6 uy v(0.6)
Fig.5.

6. Conclusion

In this paper, maximal product of two fuzzy graphs is defined. It is proved that when two fuzzy graphs are effective then their
maximal product is always effective. Also it is proved that the maximal product of two connected fuzzy graphs is connected. The
degree of a vertex in the maximal product of two fuzzy graphs is obtained. It is illustrated that when two fuzzy graphs are regular
then their maximal product need not be regular. But it is proved that the maximal product of two regular fuzzy graphs is regular
with some restrictions. In addition to the existing ones, this operation will be helpful to study large fuzzy graph as a combination of
small fuzzy graphs and to derive its properties from those of the small ones.
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