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INTRODUCTION

Modern differential geometry plays an important role to explain the dynamics of Lagrangians. So , if Q is an m — dimensional
configuration manifold and L : TQ — R is a regular Lagrangian function , then it is well-known that there is a unique vector field
& on TQ such that the dynamic equation is given by

Where @, = —dd, L indicates the symplectic form , J : TQ — TQ respectively an almost tangent or complex or paracomplex
structure such that Jof =0 or Jo/ = —1 or JoJ = 1. Also E, = V(L) — L is an energy function and V = J(§) a Liouville vector
field. The triple (TQ ,®;,¢ ) is called Lagrangian system on the tangent bundle . Also , modern differential geometry provides a
good framework in which develops the dynamics of Hamiltonians. Therefore, if Q is an m-dimensional configuration manifold and
H: T*Q — R is a regular Hamiltonian function, then there is a unique vector field X on T*Q such that the dynamic equation is
given by :

ix® = dH - )

Where @ indicates the canonical symplectic form. The triple (T*Q, ®,X) is called Hamiltonian system on the cotangent bundle
T*Q. Nowadays , there are many studies about Lagrangian and Hamiltonian dynamics, mechanics, formalisms, Systems and
equations ( 1, 2 ) and therein. There are real, complex, paracomplex and other analogues. As known it is possible to produce
different analogous in different spaces. Quaternions were invented by Sir William Rowan Hamiltonian as an extension to the
complex numbers. Hamiltonian’s defining relation is most succinctly written as:

2=j2=k?=-1, k= -1.
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Split quaternions are given by
i?=-1,j2=1=k?,ijk=1
Generalized-quaternions are defined as

2

i?=-—a, j2=-b, k =—ab, ijk=—ab

If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscurity. They do however still find use in
the computation of rotations. A lot of physical laws in classical, relativistic, and quantum mechanics can be written pleasantly by
means of quaternions. Some physicists hope they will find deeper understanding of the universe by restating basis principles in
terms of quaternion algebra ( 3, 4).

Preliminaries: In this paper, we present equations related to Lagrangian mechanical systems on a generalized-quaternionic
kdhler manifold, all mathematical objects and mappings are assumed to be smooth, i.e. infinitely differentiable and Einstein
convention of summarizing is adopted. F (M), »#(M)and A*(M) denote the set of functions on M, the set of vector fields on M and
the set of 1-forms on M, respectively.

Theorem

Let f be differentiable ¢, are 1-forme, then (5, 6 ):

o d(f¢) =dfA¢ +fde
o d(PNY) = dpN\Y — pA\dY

Definition ( Kronecker’s delta )
A kronecker’s delta denote by & and defined as follows (5):
s) = {1 s =g
PO if i
Generalized-Quaternionic kdhler Manifolds: A generalized almost quaternion structure on the manifold M is a sub bundle of
the bundle of endomorphisms of the tangent bundle of M, whose standard fiber is the algebra of generalized-quaternions. A
generalized almost quaternion structure on a pseudo-Riemannian manifold is called a generalized-quaternion Hermitian if the
following conditions hold:
(1) The endomorphisms F ,G and H of T, M satisfy
F?=—al, G* = —bl, H* = —abl,FG = H, GH = bF ,HF = aG - 3)

(i1) The compatibility equations are given by, for X ,Y € T,M

g(FX,FY)=ag(X,Y), g(GX,GY) = bg(X,Y), g(HX,HY) = abg(X,Y) - 4
Pt @)k n() -t
F (6xn+i> - _aa_xi ’ G (axn+i) =b 0x3n+i ’ H (6xn+i> =—ab 0xan+i (5)
0 0 0 0 0 0
F (6x2n+i> - aax3n+i ’ G (ax2n+i) - _ba_xi ’ H (6x2n+i) = —ab Oxnyi
F (6xjn+i) =a axfn+i ’ G (6xjn+i) =b axiﬂ » H (6x:n+i) - _abaixi

A canonical local basis {F*,G*,H*} of V* of the cotangent space T*(M) of a manifold M satisfies the condition as follows:

F* =—al G = —bl ,H” = —abl ,F*G* = H*, G*'H* = bF , H'F* = aG* - (6)
Defining by

F*(dx;) = adxny; , G'(dx) = —bdxpny , H'(dx;) = —abdxzny;
Fr(dxpy) = —adx; ,  G*(dxpy) = bdxsny; , H'(dxpy) = —abdxyny; - (7

F*(dXzn4i) = adXzny; , G'(dXpn4) = —bdx; , H'(dXpn4i) = —abdx,y;
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F*(dx3n4i) = —adXony; , G*(dX3nyi) = bdxyy; , H*(dX3n4;) = —abdx;

Lagrangian Mechanical Systems: Here, we obtain Euler-Lagrange equation for quantum and classical mechanics by means of a
canonical local basis {F ,G ,H} of V on a generalized-quaternionic kdhler manifold (M ,g,V).

First:
d (0L oL d oL
aZ(B) 42—, f () 2oy
at \0x; 0Xp4i 0t \0xp 4 dx;
a oL oL a oL oL
R R (R ®
Ot \0Xzn4i 0X3n+i Ot \0x3n4; OXzn+i
Second:
d (0L oL a oL aL
bo(25) + =0, b2(5)- =0
ot \0x; Oxan+i 0t \0xn i 0x3n+i
d oL oL d oL oL
b (5=)+5-=0 , bo(52—) = 57— =0 9,10) - ©)
0t \0X2n+i 0x; 0t \0x3n4; Oxn4i

Third, let H take a local basis element on the generalized-quaternionic kdhler manifold (M, g ,V), and {x; , Xp4i, X2n4i » X3nei)
be its coordinate functions. Let semispray be the vector field Y determined by

7 = Zl Zn+L . ZZn+l' 4 +

Xi Xn+i 0Xon+i 0x3n+i

Z3n+i 4

). - (10)
Where Z8 = %; , 2" =x,,, , 22" = dpnyi , 237 = dgp

This equation ( 10 ) can be written concise manner:

Z =33 20— - (11)

OXan+i
And the dot indicates the derivative with respect to time t. The vector field defined by:

a

_ abzn+i _ ab22n+i
X3n+i X2n+i Xn+i

Vy=H(Z) = —abZ‘ - abZ3"+‘ : F(M) - A'M - (12)

Is named a Liouville vector field on the generalized-quaternionic kdhlermanifold (M, g,V), for H, the closed generalized-

quaternionic kéhler form is the closed 2-form given by ® = —ddyL such that
3 3
d= de o it o — Xonwi ¥ 5 g (13)

This equation (13) can be written concise manner

d
d = Y30 dXansi - (14)
an+i
daL JL JL
dHL =—ab Xamei dxi - abmdxnﬂ - abdeZn_'_i - aba—XidX3n+i : :F(M) - AlM - (15)

Then we have:

2L
o = ab dx; Ndx; + ab dx; Ndx,,.; +ab dx; Ndx
L a’5]6953n+l J : ox axZn+1 J nH ox axnﬂ J anti
2L 921
+ab—— dx ANdx + ab dx,.i Ndx; + ab dx,,i Ndx,y;
ox 6 J Snti 6xn+jax3n+i ntJ : 6xn+]-6x2n+i n+J nl
+aba—de +i NdXopy +ab—danr Adxzn,; + ab oL dxypyi Adx;
0xn4j0xn4i nti nH axn+]a J i 0xan+j0%3n+i e :
adex2 +iNdxp . +ab oL dXypii NdXype; +ab oL AXonyi N AXzpyi
6X2n+jax2n+i el net 6x2n+jaxn+i el net 6x2n+j6xi nEl net
th—2 s Adx + ab—L dxg ., Adxn; + @b — 2 dx, Adx
0x3n4j0X3n4i 3nty ¢ 0x3n4j0Xon4i 3ntj nH 0x3n4j0Xnyi 3nty nt
a2%L
ab————dxgni NdX3p4i
+ 6x3n+16xl 3n+j 3n+i
i a i a
Z — Zl _+ Zn+L ZZTl+l Z3n+L

Xn+i OXon+i 0X3n+i



36435 Gebreel Mohammed Khur Baba Gebreel et al. On a new dynamical systems on generalized—quaternionic ka hler manifolds by
using a canonical local basis

Then we calculate

a%L
ax)axznﬂ J

921
dx R Y AL —— dx;
3n+i ax 6xl

3L n+j
dx,,.: + abZn“ ——6,,  dx,y;
nti 0xn4j0Xon+i U

3L

i,®f = abZ! §ldx; — abZ! dx; + abZ" 8l dx, ., — abZ"™

ax)ax3n+1

+abZ =8l dxyp,; — abZ?H

6x]6xn+l

2
tabzmti— L s gy — abZt

0xn4j0X3n4i n+t
a%L

ax)ax3n+1

—dx] + abZ‘

ax]axnﬂ

ax)axznﬂ

axn+]ax3n+l

%L n+j 2n+i
dxXpyj +abZ™ ———— 8" dx,, . — abZ?i
n+j 6xn+,6xn+L n+i 2n+i

3L

—abZm Xy i
0Xn4j0Xnyi ntl

32%L 2n+j
dx +abz?t ——— 5" dx;
nt 0x2n+j0X3n4i 2t :
9%L

0xn1j0xon4i

. 92L . .

n+i n+j _ 3n+i
+abZ Fr— 8,47 dX3ny; —abZ

9%L

axn+]

i 9%L 2n+j i
dXop, i +abZ®t ———§"qx . —abZ™t!
ant] 0%2n4j0Xon4i 2ni T

%L

—abZt dXyp. i
0Xon+j0Xan+i )

: 2L 2n+j
2n+i n+j
dxynyj +abZ ot

0Xan4j0X3n4i

. 92L 2 : .
2n+i n+j 2n+i
tabZo 85 AXopy — ADZ
2n+j0Xn+i

9%L i 9%L 3n+j i
— 0L dxy,+abZmt T 53 gy, — a7
0x2n4j0X; 0x3n4j0X3n+i

i 0%L 3n+j i
tabzint—Ch g3 g bzt
0x3n4j0%2n+4i

_abZZn+i %L

dx3n+i

0xon4j0xn4i 0xon+j0%;

_abZ3n+i aZ—L X3 .

0x3n+j0X3n+i ni

9%L i 9%L 3n+j

dxgpy; +abZ3mt ———— 5 dxy
3n+j 6x3n+j0xn+i 3n+i 2n+i
9%L

0x3n4j0X;

0x3n+4j0%2n+i

. 92L 3n+j .
dXspyj + abZ¥™ ——— 6§ dxs,,; — abZ3mH

dXgpyi
dx3p4 O 3n+i 3n+j

0x3n4j0Xnyi
The Energy function is

EF =v,(L) - L

Efl = —abZ' x 2

_ abZn+i _9s abZZn+i _ot
x3n+i X2n+i xn+i ox;
H i n+i 2n+i 9L 3n+i 0°L i 2L
dEF = —abzi —1dx; — abzmti 2t gy, — gzt T gy qhz3n gy gbz
0xj0x3n+i 6x]6x2n+l 0xj0xn+i 9x;j0x; 0Xn+j0X3n+i

i 9L ;i 0%L
dx, . —abZ?*"*t dx,,; —abZ3"tt ———
0%xn4j0Xon i n 0Xn4 jOXn i n

6xn+1-6xi
i 32%L i 3%L i
—abZ! dXppyj — abZ™*! dxXynyj — abZ?*t

oL

i 3%L

abzZ™*! Xnyj
9%L

AXonyi
2n+

0Xo2n+j0%n4i s

9L

0%on+j0%2n+i

2
0L dxs,,; — abz"t
0x3n4j0X3n+i n

i 0%L oL oL
3n+i
dxXzpyj — abZ™" ————dXznyj — o dxj — mdxn+j
j n+j

0xan+j0%3n+i
i 0%L
_abZ3n+t g
0xan4j0X;
9%L

dXyny; — abZt
ant 0x3n+j0Xon+i

_abZZn+L
0x3n4j0%n4i

oL oL
x2n+j -

0x3n4j0%;

- dx3n+j

0Xon+j 0x3n4j

Using equation (1) and also considering an Integral curve of Z, we obtain the equation given by:
i,® = dEH

From which we get

ab(Z‘ 5} g+ %L 6n+} 4 z2n+i %L (SZTH'] 4 z3n+i %L 3n+])d
a95]6’53n+1 0xn4j0X3n4i n+i 0Xan+j0%3n+i 2n+i 0x3n4j0X3n+4i 3n+
i 8%L n+j 2n+ 9%L 2n+j 3n+ a%L 3n+j
+ab Z’—é'J mtt——— gt zinti_ — —§ +z3nt———§ dx
( ox a’Czn+1 0xnyj0Xonyi nti 0xan4j0Xon+i 2n+i 0x3n4j0Xon+i 3n+l) nH
a%L n+j 2n+ 9%L 2n+j 3In+ 9%L 3n+]
ab(Z! ———§] + 7 Spai +Z2mH Spmii + 23 ——— dx
( ax]axnﬂ 0xXn4j0xn4i nti 0Xon4j0%n4i 2n+i 0x3n4j0%n4i 3n+L) 2t
a%L n+j 2n+ a%L 2n+j 3n+ a%L 3n+j
+ab Z‘ 5] it —— st gt - § +z3nH - § dx
( 6xn+16xl n+i DxgnyjOx; 2L 0xX3n4j0X; O3nsi ) AX3n+i
oL
=——d [ + o= dos + 5 A
( n+j Ero +j 2n+j dx3n y 3n+])
. Jj _ n+] _ 2n+j 3n+j
Ifi=j = & _1,5n+l 1,82 =1, 83m -
And therefore
i n+i %L 2n+i %L 3n+i %L i %L
ablziCt g L gamei 0L ganei 0L gy 4 ap(z
6x16x3n+1 0xn1j0X3n+i 0X2n+j0X3n+i 0X3n4j0X3n4i 0xj0Xom+i
+zn+ o%L + z2n+i %L + z3n+i %L Ydxn,; + ab(Zi %L n+i %L
+
0xn4j0Xan+i 0xon+j0%2n+i Ox3n+jOxanei” I 0xj0xn4i O0xn4j0xnyi

apzm+ill (16)

dxn+j -
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9L

i 92L i 92L i ;0% i
tZH——— 73—~ x, i+ ab(Zl——+ 2" ———+ 7 +Zz3n+t dXxspii +
0xon+j0%n4i ax3n+jaxn+i) ] ( Oxjox; Oxn4jox; 0x2n+4j0%; ax3n+jaxi) 3n+l
oL oL oL oL
—dx;i + ——dx,,; + ——dxy. + ——dx -]=0 — 17
6x]- j 6xn+,- n+j 6x2n+,- 2n+j 6X3n+j 3n+j ( )
In this equation can be concise manner
i 32%L oL i 3%L aL
ab ¥3_, Zontt dx; + —dx; + ab¥3_, Z9"*! dx,,; + ——dx
a=0 0Xan+j0X3n+i : oxj J a=0 0Xan+j0Xa2n+i n 0Xn+j n+
+ab Y3 _, 2ot P gy i+ =2 dxy, i + ab y3_,zanti L gy
a=0 6xan+j6xn+i 2n+i 6x2n+,- 2n+j a=0 6xan+j6xz 3n+i
oL
——dx3p,4; =0 — 18
+ Bame; NS (18)
Then we have the equations
d (0L oL a oL oL
(L) 42—y ap2 (2 )4 o
ot \ox; Ox3n+i 0t \0xp4; OXzn+i
a oL oL a oL oL
ab—( )+ =0 , b—(—)+—=0 - (19)
0t \0X2n+i Oxnyi 0t \0x3n4; ox;

Thus equations obtained in Eq (19) are called Euler-Lagrange equations constructed by means of ®) on a generalized-
quaternionic kéhler manifold (M,g,V) and then triples (M ,®Y,Z) are named Mechanical systems on a generalized-
quaternionic kdhler manifold (M, g,V).
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