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INTRODUCTION 
 
 Modern differential geometry plays an important role to explain the dynamics of Lagrangians. So , if Q is an 
configuration manifold and 𝐿 ∶ 𝑇𝑄 → 𝑅 is a regular Lagrangian function , then it is well
𝜉 on 𝑇𝑄 such that the dynamic equation is given by 
 
    𝑖కΦ௅ = 𝑑𝐸௅                        →            
 
Where Φ௅ = −𝑑𝑑௃𝐿 indicates the symplectic form , 
structure such that 𝐽𝜊𝐽 = 0 or  𝐽𝜊𝐽 = −1 or 
field. The triple ( 𝑇𝑄 , Φ௅ , 𝜉 ) is called Lagrangian system on the tangent bundle  . Also , modern differential geometry provides a 
good framework in which develops the dynamics of Hamiltonians. Therefore, if 
𝐻 ∶  𝑇∗𝑄 → 𝑅 is a regular Hamiltonian function, then there is a unique vector field 
given by : 
 
   𝑖௑Φ = 𝑑𝐻                       →             
 
Where Φ indicates the canonical symplectic form. The triple 
𝑇∗𝑄.   Nowadays , there are many studies about Lagrangian and Hamiltonian dynamics, mechanics, formalisms, Systems and 
equations ( 1, 2 ) and therein. There are real, complex, paracomplex and other analogues. As known it is possible to produce 
different analogous in different spaces. Quaternions were invented by Sir William Rowan Hamiltonian as an extension to the 
complex numbers. Hamiltonian’s defining relation is most succinctly written as: 
 
𝑖ଶ = 𝑗ଶ = 𝑘ଶ = −1 ,         𝑖𝑗𝑘 =  −1 .  
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ABSTRACT 

In this paper, we study a new formula of Lagrangian dynamical system on generalized

̈ 𝑙𝑒𝑟 Manifolds by using vector field: 𝑍 = ∑ 𝑍௔௡ା డ

డ௫ೌ೙శ೔

ଷ
௔ୀ଴  in a canonical local basis 

Finally, the geometrical – Physical results related to generalized
systems are also given. 

Gebreel Mohammed Khur Baba Gebreel et al. 2026. This is an open access article distributed under the
reproduction in any medium, provided the original work is properly cited.

 

 
 
 

 

Modern differential geometry plays an important role to explain the dynamics of Lagrangians. So , if Q is an 
is a regular Lagrangian function , then it is well-known that there is a unique vector field 

such that the dynamic equation is given by  

 

indicates the symplectic form , 𝐽 ∶ 𝑇𝑄 → 𝑇𝑄 respectively an almost tangent or complex or paracomplex 
or 𝐽𝜊𝐽 = 1. Also 𝐸௅ = 𝑉(𝐿) − 𝐿 is an energy function and 

is called Lagrangian system on the tangent bundle  . Also , modern differential geometry provides a 
good framework in which develops the dynamics of Hamiltonians. Therefore, if 𝑄 is an m-dimensional configuration manifold and 
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Modern differential geometry plays an important role to explain the dynamics of Lagrangians. So , if Q is an 𝑚 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 
known that there is a unique vector field 

 (1) 

respectively an almost tangent or complex or paracomplex 
is an energy function and 𝑉 = 𝐽(𝜉) a Liouville vector 

is called Lagrangian system on the tangent bundle  . Also , modern differential geometry provides a 
dimensional configuration manifold and 

such that the dynamic  equation is 

 (2) 

is called Hamiltonian system on the cotangent bundle 
Nowadays , there are many studies about Lagrangian and Hamiltonian dynamics, mechanics, formalisms, Systems and 

and therein. There are real, complex, paracomplex and other analogues. As known it is possible to produce 
. Quaternions were invented by Sir William Rowan Hamiltonian as an extension to the 
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Split quaternions are given by  
 
                     𝑖ଶ = −1  , 𝑗ଶ = 1 = 𝑘ଶ , 𝑖𝑗𝑘 = 1  
 
Generalized-quaternions are defined as  
 
𝑖ଶ = −𝑎 ,   𝑗ଶ = −𝑏 ,   𝑘ଶ = −𝑎𝑏 ,    𝑖𝑗𝑘 = −𝑎𝑏 
 
If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscurity. They do however still find use in 
the computation of rotations. A lot of physical laws in classical, relativistic, and quantum mechanics can be written pleasantly by 
means of quaternions. Some physicists hope they will find deeper understanding of the universe by restating basis principles in 
terms of quaternion algebra ( 3, 4). 
 
Preliminaries: In this paper, we present equations related to Lagrangian mechanical systems on a generalized-quaternionic 
𝑘𝑎̈ℎ𝑙𝑒𝑟 manifold, all mathematical objects and mappings are assumed to be smooth, i.e. infinitely differentiable and Einstein 
convention of summarizing is adopted. ℱ(𝑀), 𝜘(𝑀)𝑎𝑛𝑑 Λଵ(𝑀) denote the set of functions on M, the set of vector fields on M and 
the set of 1-forms on M, respectively. 
 
Theorem 
 
 Let 𝑓 be differentiable 𝜙 , 𝜓 are 1-forme, then ( 5 , 6 ): 
 
 𝑑(𝑓𝜙) = 𝑑𝑓⋀𝜙 + 𝑓𝑑𝜙 

 𝑑(𝜙⋀𝜓) = 𝑑𝜙⋀𝜓 − 𝜙⋀𝑑𝜓  

Definition ( Kronecker’s delta ) 
 
 A kronecker’s delta denote by 𝛿 and defined as follows (5):  
 
 

   𝛿௜
௝

= ൜
1  ;    𝑖𝑓 𝑖 = 𝑗
0    ;    𝑖𝑓 𝑖 ≠ 𝑗

    

 
Generalized-Quaternionic 𝒌𝒂̈𝒉𝒍𝒆𝒓 Manifolds: A generalized almost quaternion structure on the manifold M is a sub bundle of 
the bundle of endomorphisms of the tangent bundle of M, whose standard fiber is the algebra of generalized-quaternions. A 
generalized almost quaternion structure on a pseudo-Riemannian manifold is called a generalized-quaternion Hermitian if the 
following conditions hold:  
 
( i) The endomorphisms 𝐹 , 𝐺 𝑎𝑛𝑑 𝐻 𝑜𝑓 𝑇௫𝑀 satisfy 
 
        𝐹ଶ = −𝑎𝐼, 𝐺ଶ = −𝑏𝐼 , 𝐻ଶ = −𝑎𝑏𝐼, 𝐹𝐺 = 𝐻 , 𝐺𝐻 = 𝑏𝐹 , 𝐻𝐹 = 𝑎𝐺     →       (3) 
 
( ii) The compatibility equations are given by, for 𝑋 , 𝑌 ∈  𝑇௫𝑀 
 
      𝑔(𝐹𝑋, 𝐹𝑌) = 𝑎𝑔(𝑋, 𝑌), 𝑔(𝐺𝑋, 𝐺𝑌) = 𝑏𝑔(𝑋, 𝑌), 𝑔(𝐻𝑋, 𝐻𝑌) = 𝑎𝑏𝑔(𝑋, 𝑌)  →   (4) 
 

   𝐹 ቀ
డ

డ௫೔
ቁ = 𝑎

డ

డ௫೙శ೔
        ,       𝐺 ቀ

డ

డ௫೔
ቁ = −𝑏

డ

డ௫మ೙శ೔
       ,       𝐻 ቀ

డ

డ௫೔
ቁ = −𝑎𝑏

డ

డ௫య೙శ೔
  

  𝐹 ቀ
డ

డ௫೙శ೔
ቁ = −𝑎

డ

డ௫೔
     ,       𝐺 ቀ

డ

డ௫೙శ೔
ቁ = 𝑏

డ

డ௫య೙శ೔
      ,       𝐻 ቀ

డ

డ௫೙శ೔
ቁ = −𝑎𝑏

డ

డ௫మ೙శ೔
     (5) 

  𝐹 ቀ
డ

డ௫మ೙శ೔
ቁ = 𝑎

డ

డ௫య೙శ೔
     ,       𝐺 ቀ

డ

డ௫మ೙శ೔
ቁ = −𝑏

డ

డ௫೔
      ,       𝐻 ቀ

డ

డ௫మ೙శ೔
ቁ = −𝑎𝑏

డ

డ௫೙శ೔
  

 

  𝐹 ቀ
డ

డ௫య೙శ೔
ቁ = −𝑎

డ

డ௫మ೙శ೔
     ,       𝐺 ቀ

డ

డ௫య೙శ೔
ቁ = 𝑏

డ

డ௫೙శ೔
      ,     𝐻 ቀ

డ

డ௫య೙శ೔
ቁ = −𝑎𝑏

డ

డ௫೔
  

 
A canonical local basis {𝐹∗ , 𝐺∗ , 𝐻∗}  𝑜𝑓  𝑉∗ of the cotangent space 𝑇∗(𝑀) of a manifold M satisfies the condition as follows:  
 
  𝐹∗మ

= −𝑎𝐼 , 𝐺∗మ
= −𝑏𝐼 , 𝐻∗మ

= −𝑎𝑏𝐼 , 𝐹∗𝐺∗ = 𝐻∗ , 𝐺∗𝐻∗ = 𝑏𝐹  , 𝐻∗𝐹∗ = 𝑎𝐺∗   →   (6) 
Defining by  
 
    𝐹∗(𝑑𝑥௜) = 𝑎𝑑𝑥௡ା௜     ,      𝐺

∗(𝑑𝑥௜) = −𝑏𝑑𝑥ଶ௡ା௜       ,    𝐻
∗(𝑑𝑥௜) = −𝑎𝑏𝑑𝑥ଷ௡ା௜  

  𝐹∗(𝑑𝑥௡ା௜) = −𝑎𝑑𝑥௜   ,     𝐺
∗(𝑑𝑥௡ା௜) = 𝑏𝑑𝑥ଷ௡ା௜     ,    𝐻

∗(𝑑𝑥௡ା௜) = −𝑎𝑏𝑑𝑥ଶ௡ା௜   →   (7) 
 
  𝐹∗(𝑑𝑥ଶ௡ା௜) = 𝑎𝑑𝑥ଷ௡ା௜     ,   𝐺

∗(𝑑𝑥ଶ௡ା௜) = −𝑏𝑑𝑥௜    ,   𝐻
∗(𝑑𝑥ଶ௡ା௜) = −𝑎𝑏𝑑𝑥௡ା௜  
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 𝐹∗(𝑑𝑥ଷ௡ା௜) = −𝑎𝑑𝑥ଶ௡ା௜    , 𝐺∗(𝑑𝑥ଷ௡ା௜) = 𝑏𝑑𝑥௡ା௜   ,   𝐻∗(𝑑𝑥ଷ௡ା௜) = −𝑎𝑏𝑑𝑥௜  
 
Lagrangian Mechanical Systems: Here, we obtain Euler-Lagrange equation for quantum and classical mechanics by means of a 
canonical local basis {𝐹 , 𝐺 , 𝐻}  𝑜𝑓 𝑉 on a generalized-quaternionic 𝑘𝑎̈ℎ𝑙𝑒𝑟 manifold (𝑀 , 𝑔 , 𝑉). 
 
First:  
 

    𝑎
డ

డ௧
ቀ

డ௅

డ௫೔
ቁ +

డ௅

డ௫೙శ೔
= 0  , 𝑎

డ

డ௧
ቀ

డ௅

డ௫೙శ೔
ቁ −

డ௅

డ௫೔
= 0 ,   

  𝑎
డ

డ௧
ቀ

డ௅

డ௫మ೙శ೔
ቁ +

డ௅

డ௫య೙శ೔
= 0  , 𝑎

డ

డ௧
ቀ

డ௅

డ௫య೙శ೔
ቁ −

డ௅

డ௫మ೙శ೔
= 0      →      (8) 

 
Second: 
 

     𝑏
డ

డ௧
ቀ

డ௅

డ௫೔
ቁ +

డ௅

డ௫మ೙శ೔
= 0    ,   𝑏

డ

డ௧
ቀ

డ௅

డ௫೙శ೔
ቁ −  

డ௅

డ௫య೙శ೔
= 0  

     𝑏
డ

డ௧
ቀ

డ௅

డ௫మ೙శ೔
ቁ +

డ௅

డ௫೔
= 0    ,   𝑏

డ

డ௧
ቀ

డ௅

డ௫య೙శ೔
ቁ −  

డ௅

డ௫೙శ೔
= 0              9,10) →    (9) 

 

  Third,  let H take a local basis element on the generalized-quaternionic 𝑘𝑎̈ℎ𝑙𝑒𝑟 manifold (𝑀 , 𝑔 , 𝑉), and {𝑥௜  , 𝑥௡ା௜  , 𝑥ଶ௡ା௜  , 𝑥ଷ௡ା௜} 
be its coordinate functions. Let semispray be the vector field Y determined by  
 

     𝑍 = 𝑍௜ డ

డ௫೔
+ 𝑍௡ା௜ డ

డ௫೙శ೔
+ 𝑍ଶ௡ା௜ డ

డ௫మ೙శ೔
+ 𝑍ଷ௡ା௜ డ

డ௫య೙శ೔
          (9). →   (10) 

 
Where 𝑍௜ = 𝑥̇௜    , 𝑍௡ା௜ = 𝑥௡ାప̇   , 𝑍ଶ௡ା௜ = 𝑥̇ଶ௡ା௜   , 𝑍ଷ௡ା௜ = 𝑥̇ଷ௡ା௜  . 
 
This equation ( 10 ) can be written concise manner: 
 

           𝑍 = ∑ 𝑍௔௡ା௜ଷ
௔ୀ଴

డ

డ௫ೌ೙శ೔
                               →              (11) 

 
And the dot indicates the derivative with respect to time t. The vector field defined by:  
 

    𝑉ு = 𝐻(𝑍) = −𝑎𝑏𝑍௜ డ

డ௫య೙శ೔
− 𝑎𝑏𝑍௡ା௜ డ

డ௫మ೙శ೔
− 𝑎𝑏𝑍ଶ௡ା௜ డ

డ௫೙శ೔
− 𝑎𝑏𝑍ଷ௡ା௜ డ

డ௫೔
 ∶  ℱ(𝑀) → ΛଵM →   (12) 

 
Is named a Liouville vector field on the generalized-quaternionic 𝑘𝑎̈ℎ𝑙𝑒𝑟manifold (𝑀 , 𝑔 , 𝑉), for 𝐻, the closed generalized-
quaternionic 𝑘𝑎̈ℎ𝑙𝑒𝑟 form is the closed 2-form given by Φ௅

ு = −𝑑𝑑ு𝐿 such that 
 

 𝑑 =
డ

డ௫೔
𝑑𝑥௜ +

డ

డ௫೙శ೔
𝑥௡ା௜ +

డ

డ௫మ೙శ೔
𝑥ଶ௡ା௜ +

డ

డ௫య೙శ೔
𝑥ଷ௡ା௜       →      (13) 

 
This equation (13) can be written concise manner            
 

             𝑑 = ∑
డ

డ௫ೌ೙శ೔
𝑑𝑥௔௡ା௜

ଷ
௔ୀ଴                 →       (14) 

 

  𝑑ு𝐿 = −𝑎𝑏
డ௅

డ௫య೙శ೔
𝑑𝑥௜ − 𝑎𝑏

డ௅

డ௫మ೙శ೔
𝑑𝑥௡ା௜ − 𝑎𝑏

డ௅

డ௫೙శ೔
𝑑𝑥ଶ௡ା௜ − 𝑎𝑏

డ௅

డ௫೔
𝑑𝑥ଷ௡ା௜ ∶  ℱ(𝑀) → ΛଵM   →   (15) 

 
 
Then we have: 
 

     Φ௅
ு = 𝑎𝑏

డమ௅

డ௫ೕడ௫య೙శ೔
𝑑𝑥௝ ∧ 𝑑𝑥௜ + 𝑎𝑏

డమ௅

డ௫ೕడ௫మ೙శ೔
𝑑𝑥௝ ∧ 𝑑𝑥௡ା௜ + 𝑎𝑏

డమ௅

డ௫ೕడ௫೙శ೔
𝑑𝑥௝ ∧ 𝑑𝑥ଶ௡ା௜ 

             +𝑎𝑏
డమ௅

డ௫ೕడ௫೔
𝑑𝑥௝ ∧ 𝑑𝑥ଷ௡ା௜ + 𝑎𝑏

డమ௅

డ௫೙శೕడ௫య೙శ೔
𝑑𝑥௡ା௝ ∧ 𝑑𝑥௜ + 𝑎𝑏

డమ௅

డ௫೙శೕడ௫మ೙శ೔
𝑑𝑥௡ା௝ ∧ 𝑑𝑥௡ା௜ 

            +𝑎𝑏
డమ௅

డ௫೙శೕడ௫೙శ೔
𝑑𝑥௡ା௝ ∧ 𝑑𝑥ଶ௡ା௜ + 𝑎𝑏

డమ௅

డ௫೙శೕడ௫೔
𝑑𝑥௡ା௝ ∧ 𝑑𝑥ଷ௡ା௜ + 𝑎𝑏

డమ௅

డ௫మ೙శೕడ௫య೙శ೔
𝑑𝑥ଶ௡ା௝ ∧ 𝑑𝑥௜  

           𝑎𝑏
డమ௅

డ௫మ೙శೕడ௫మ೙శ೔
𝑑𝑥ଶ௡ା௝ ∧ 𝑑𝑥௡ା௜ + 𝑎𝑏

డమ௅

డ௫మ೙శೕడ௫೙శ೔
𝑑𝑥ଶ௡ା௝ ∧ 𝑑𝑥ଶ௡ା௜ + 𝑎𝑏

డమ௅

డ௫మ೙శೕడ௫೔
𝑑𝑥ଶ௡ା௝ ∧ 𝑑𝑥ଷ௡ା௜ 

           +𝑏
డమ௅

డ௫య೙శೕడ௫య೙శ೔
𝑑𝑥ଷ௡ା௝ ∧ 𝑑𝑥௜ + 𝑎𝑏

డమ௅

డ௫య೙శೕడ௫మ೙శ೔
𝑑𝑥ଷ௡ା௝ ∧ 𝑑𝑥௡ା௜ + 𝑎𝑏

డమ௅

డ௫య೙శೕడ௫೙శ೔
𝑑𝑥ଷ௡ା௝ ∧ 𝑑𝑥ଶ௡ା௜ 

           +𝑎𝑏
డమ௅

డ௫య೙శೕడ௫೔
𝑑𝑥ଷ௡ା௝ ∧ 𝑑𝑥ଷ௡ା௜ 

 ∵  𝑖௓ = 𝑍௜ డ

డ௫೔
+ 𝑍௡ା௜ డ

డ௫೙శ೔
+ 𝑍ଶ௡ା௜ డ

డ௫మ೙శ೔
+ 𝑍ଷ௡ା௜ డ

డ௫య೙శ೔
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Then we calculate  
 

 𝑖௓Φ௅
ு = 𝑎𝑏𝑍௜ డమ௅

డ௫ೕడ௫య೙శ೔
𝛿௜

௝
𝑑𝑥௜ − 𝑎𝑏𝑍௜ డమ௅

డ௫ೕడ௫య೙శ೔
𝑑𝑥௝ + 𝑎𝑏𝑍௜ డమ௅

డ௫ೕడ௫మ೙శ೔
𝛿௜

௝
𝑑𝑥௡ା௜ − 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫ೕడ௫మ೙శ೔
𝑑𝑥௝   

       +𝑎 𝑏𝑍௜ డమ௅

డ௫ೕడ௫೙శ೔
𝛿௜

௝
𝑑𝑥ଶ௡ା௜ − 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫ೕడ௫೙శ೔
𝑑𝑥௝ + 𝑎𝑏𝑍௜ డమ௅

డ௫ೕడ௫೔
𝛿௜

௝
𝑑𝑥ଷ௡ା௜ − 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫ೕడ௫೔
𝑑𝑥௝  

           +𝑎𝑏𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫య೙శ೔
𝛿௡ା௜

௡ା௝
𝑑𝑥௜ − 𝑎𝑏𝑍௜ డమ௅

డ௫೙శೕడ௫య೙శ೔
𝑑𝑥௡ା௝ + 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫మ೙శ೔
𝛿௡ା௜

௡ା௝
𝑑𝑥௡ା௜  

           −𝑎𝑏𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫మ೙శ೔
𝑑𝑥௡ା௝ + 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫೙శ೔
𝛿௡ା௜

௡ା௝
𝑑𝑥ଶ௡ା௜ − 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫೙శೕడ௫೙శ೔
𝑑𝑥௡ା௝  

          +𝑎𝑏𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫೔
𝛿௡ା௜

௡ା௝
𝑑𝑥ଷ௡ା௜ − 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫೙శೕడ௫೔
𝑑𝑥௡ା௝ + 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫య೙శ೔
𝛿ଶ௡ା௜

ଶ௡ା௝
𝑑𝑥௜  

          −𝑎𝑏𝑍௜ డమ௅

డ௫మ೙శೕడ௫య೙శ೔
𝑑𝑥ଶ௡ା௝ + 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫మ೙శ೔
𝛿ଶ௡ା௜

ଶ௡ା௝
𝑑𝑥௡ା௜ − 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫మ೙శೕడ௫మ೙శ೔
𝑑𝑥ଶ௡ା௝  

        +𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೙శ೔
𝛿ଶ௡ା௜

ଶ௡ା௝
𝑑𝑥ଶ௡ା௜ − 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೙శ೔
𝑑𝑥ଶ௡ା௝ + 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೔
𝛿ଶ௡ା௜

ଶ௡ା௝
𝑑𝑥ଷ௡ା௜ 

         −𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೔
𝑑𝑥ଶ௡ା௝ + 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫య೙శ೔
𝛿ଷ௡ା௜

ଷ௡ା௝
𝑑𝑥௜ − 𝑎𝑏𝑍௜ డమ௅

డ௫య೙శೕడ௫య೙శ೔
𝑑𝑥ଷ௡ା௝  

      +𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫మ೙శ೔
𝛿ଷ௡ା௜

ଷ௡ା௝
𝑑𝑥௡ା௜ − 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫య೙శೕడ௫మ೙శ೔
𝑑𝑥ଷ௡ା௝ + 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೙శ೔
𝛿ଷ௡ା௜

ଷ௡ା௝
𝑑𝑥ଶ௡ା௜   

        −𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫య೙శೕడ௫೙శ೔
𝑑𝑥ଷ௡ା௝ + 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೔
𝛿ଷ௡ା௜

ଷ௡ା௝
𝑑𝑥ଷ௡ା௜ − 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೔
𝑑𝑥ଷ௡ା௝  

 
The Energy function is  
 
   𝐸௅

ு = 𝑉ு(𝐿) − 𝐿  

  𝐸௅
ு = −𝑎𝑏𝑍௜ డ௅

డ௫య೙శ೔
− 𝑎𝑏𝑍௡ା௜ డ௅

డ௫మ೙శ೔
− 𝑎𝑏𝑍ଶ௡ା௜ డ௅

డ௫೙శ೔
− 𝑎𝑏𝑍ଷ௡ା௜ డ௅

డ௫೔
− 𝐿         →       (16) 

 𝑑𝐸௅
ு = −𝑎𝑏𝑍௜ డమ௅

డ௫ೕడ௫య೙శ೔
𝑑𝑥௝ − 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫ೕడ௫మ೙శ೔
𝑑𝑥௝ − 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫ೕడ௫೙శ೔
𝑑𝑥௝ − 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫ೕడ௫೔
𝑑𝑥௝ − 𝑎𝑏𝑍௜ డమ௅

డ௫೙శೕడ௫య೙శ೔
𝑑𝑥௡ା௝ −

𝑎𝑏𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫మ೙శ೔
𝑑𝑥௡ା௝ − 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫೙శೕడ௫೙శ೔
𝑑𝑥௡ା௝ − 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫೙శೕడ௫೔
𝑑𝑥௡ା௝ 

        −𝑎𝑏𝑍௜ డమ௅

డ௫మ೙శೕడ௫య೙శ೔
𝑑𝑥ଶ௡ା௝ − 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫మ೙శೕడ௫మ೙శ೔
𝑑𝑥ଶ௡ା௝ − 𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೙శ೔
𝑑𝑥ଶ௡ା௝  

        −𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೔
𝑑𝑥ଶ௡ା௝ − 𝑎𝑏𝑍௜ డమ௅

డ௫య೙శೕడ௫య೙శ೔
𝑑𝑥ଷ௡ା௝ − 𝑎𝑏𝑍௡ା௜ డమ௅

డ௫య೙శೕడ௫మ೙శ೔
𝑑𝑥ଷ௡ା௝  

        −𝑎𝑏𝑍ଶ௡ା௜ డమ௅

డ௫య೙శೕడ௫೙శ೔
𝑑𝑥ଷ௡ା௝ − 𝑎𝑏𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೔
𝑑𝑥ଷ௡ା௝ −

డ௅

డ௫ೕ
𝑑𝑥௝ −

డ௅

డ௫೙శೕ
𝑑𝑥௡ା௝ 

       −
డ௅

డ௫మ೙శೕ
𝑑𝑥ଶ௡ା௝ −

డ௅

డ௫య೙శೕ
𝑑𝑥ଷ௡ା௝ 

 
Using equation (1) and also considering an Integral curve of  Z, we obtain the equation given by: 
 
       𝑖௓Φ௅

ு = 𝑑𝐸௅
ு   

 
From which we get  
 

   𝑎𝑏(𝑍௜ డమ௅

డ௫ೕడ௫య೙శ೔
𝛿௜

௝
+ 𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫య೙శ೔
𝛿௡ା௜

௡ା௝
+ 𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫య೙శ೔
𝛿ଶ௡ା௜

ଶ௡ା௝
+ 𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫య೙శ೔
𝛿ଷ௡ା௜

ଷ௡ା௝
)𝑑𝑥௜   

  +𝑎𝑏(𝑍௜ డమ௅

డ௫ೕడ௫మ೙శ೔
𝛿௜

௝
+ 𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫మ೙శ೔
𝛿௡ା௜

௡ା௝
+ 𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫మ೙శ೔
𝛿ଶ௡ା௜

ଶ௡ା௝
+ 𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫మ೙శ೔
𝛿ଷ௡ା௜

ଷ௡ା௝
)𝑑𝑥௡ା௜   

  𝑎𝑏(𝑍௜ డమ௅

డ௫ೕడ௫೙శ೔
𝛿௜

௝
+ 𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫೙శ೔
𝛿௡ା௜

௡ା௝
+ 𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೙శ೔
𝛿ଶ௡ା௜

ଶ௡ା௝
+ 𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೙శ೔
𝛿ଷ௡ା௜

ଷ௡ା௝
)𝑑𝑥ଶ௡ା௜  

   +𝑎𝑏(𝑍௜ డమ௅

డ௫ೕడ௫೔
𝛿௜

௝
+  𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫೔
𝛿௡ା௜

௡ା௝
+ 𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೔
𝛿ଶ௡ା௜

ଶ௡ା௝
+ 𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೔
𝛿ଷ௡ା௜

ଷ௡ା௝
)𝑑𝑥ଷ௡ା௜  

    = −(
డ௅

డ௫ೕ
𝑑𝑥௝ +

డ௅

డ௫೙శೕ
𝑑𝑥௡ା௝ +

డ௅

డ௫మ೙శೕ
𝑑𝑥ଶ௡ା௝ +

డ௅

డ௫య೙శೕ
𝑑𝑥ଷ௡ା௝) 

If 𝑖 = 𝑗 ⟹  𝛿௜
௝

= 1 , 𝛿௡ା௜
௡ା௝

= 1 , 𝛿ଶ௡ା௜
ଶ௡ା௝

= 1  , 𝛿ଷ௡ା௜
ଷ௡ା௝

= 1. 
 
And therefore 
 

  𝑎𝑏 ൤𝑍௜ డమ௅

డ௫ೕడ௫య೙శ೔
+ 𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫య೙శ೔
+ 𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫య೙శ೔
+ 𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫య೙శ೔
൨ 𝑑𝑥௜ + 𝑎𝑏(𝑍௜ డమ௅

డ௫ೕడ௫మ೙శ೔
 

  +𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫మ೙శ೔
+ 𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫మ೙శ೔
+ 𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫మ೙శ೔
)𝑑𝑥௡ା௝ + 𝑎𝑏(𝑍௜ డమ௅

డ௫ೕడ௫೙శ೔
+ 𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫೙శ೔
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   +𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೙శ೔
+ 𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೙శ೔
)𝑑𝑥ଶ௡ା௝ + 𝑎𝑏(𝑍௜ డమ௅

డ௫ೕడ௫೔
+ 𝑍௡ା௜ డమ௅

డ௫೙శೕడ௫೔
+ 𝑍ଶ௡ା௜ డమ௅

డ௫మ೙శೕడ௫೔
  +𝑍ଷ௡ା௜ డమ௅

డ௫య೙శೕడ௫೔
)𝑑𝑥ଷ௡ା௜ +

൤
డ௅

డ௫ೕ
𝑑𝑥௝ +

డ௅

డ௫೙శೕ
𝑑𝑥௡ା௝ +

డ௅

డ௫మ೙శೕ
𝑑𝑥ଶ௡ା௝ +

డ௅

డ௫య೙శೕ
𝑑𝑥ଷ௡ା௝൨ = 0 ⟶   (17) 

 
 In this equation can be concise manner 
 

 𝑎𝑏 ∑ 𝑍௔௡ା௜ଷ
௔ୀ଴

డమ௅

డ௫ೌ೙శೕడ௫య೙శ೔
𝑑𝑥௜ +

డ௅

డ௫ೕ
𝑑𝑥௝ + 𝑎𝑏 ∑ 𝑍௔௡ା௜ଷ

௔ୀ଴
డమ௅

డ௫ೌ೙శೕడ௫మ೙శ೔
𝑑𝑥௡ା௜ +

డ௅

డ௫೙శೕ
𝑑𝑥௡ା௝  

 +𝑎𝑏 ∑ 𝑍௔௡ା௜ଷ
௔ୀ଴

డమ௅

డ௫ೌ೙శೕడ௫೙శ೔
𝑑𝑥ଶ௡ା௜ +

డ௅

డ௫మ೙శೕ
𝑑𝑥ଶ௡ା௝ + 𝑎𝑏 ∑ 𝑍௔௡ା௜ଷ

௔ୀ଴
డమ௅

డ௫ೌ೙శೕడ௫೔
𝑑𝑥ଷ௡ା௜   

      +
డ௅

డ௫య೙శೕ
𝑑𝑥ଷ௡ା௝ = 0                                   ⟶              (18) 

 
Then we have the equations 
 

  𝑎𝑏
డ

డ௧
ቀ

డ௅

డ௫೔
ቁ +

డ௅

డ௫య೙శ೔
= 0    ,   𝑎𝑏

డ

డ௧
ቀ

డ௅

డ௫೙శ೔
ቁ +  

డ௅

డ௫మ೙శ೔
= 0  

  𝑎𝑏
డ

డ௧
ቀ

డ௅

డ௫మ೙శ೔
ቁ +

డ௅

డ௫೙శ೔
= 0    ,   𝑏

డ

డ௧
ቀ

డ௅

డ௫య೙శ೔
ቁ +  

డ௅

డ௫೔
= 0                →    (19) 

 
 
 Thus equations obtained in Eq (19) are called Euler-Lagrange equations constructed by means of Φ௅

ு on a generalized-
quaternionic 𝑘𝑎̈ℎ𝑙𝑒𝑟 manifold (𝑀 , 𝑔 , 𝑉) and then triples (𝑀 , Φ௅

ு , 𝑍) are named Mechanical systems on a generalized-
quaternionic 𝑘𝑎̈ℎ𝑙𝑒𝑟 manifold (𝑀 , 𝑔 , 𝑉). 
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