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INTRODUCTION 
 
Multi stenosis is cardiovascular diseases which
(heart disease) it’s heart conditions particular diseased blood vessels, formation of the problems and blood thicken.
flow have investigated in many researchers
tube  by  Taylor (1953).  Exact  analysis  of  unsteady  convective  diffusion  investigated  by
(1970)(1971)  and  (1973).  Patel  and  Sirs
curved tubes. Developed Shivakumar et.al.,(1987)
sparsely packed porous medium. Ikbal et al., 
stenosed artery in magnetic field. Obtained mathematical anlysis of unsteady
through a stenosed artery Nurul Aini Jaafar 
Vijayakumar (2019) studied generalized dispersion method is analytically
externally applied transverse  magnetic field on unsteady flow 
Mukesh Roy et al., (2017) showed modelling of blood flow
unsteadiness on dispersion in non newtonian fluid in an annulus.
blood vessels with structured stents by Frecentese. Meenapriya (2011) and Vijayakumar (2015) studied dispersion of
analytical solution of the results. Analyzed pulsatile through a generalized
and solution part in numerical         values using finite difference method investigated by sathyasaran changdar and
(2016).   In our model is steady convective diffusion, impact of
make use of Taylor dispersion model. The blood fluid modeled is couple stress fluid, rectangular
flow on a porous medium, in a multi-stenosed
discussed. 
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ABSTRACT 

In  this  paper,  we  have examine the  analysis of  pulsatile  flow
stenosis artery. The impact of Hall current in external magnetic

 fluid. Dispersion of blood vessels from couple stress fluid using method
Taylor dispersion and (ii) Generalized dispersion model.
oefficient and mean concentration are solved analytically. Variation of different dimensionless 

parameters are graphically through the plots. 
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which causes blood flow is abnormal in cardiac arrest
particular diseased blood vessels, formation of the problems and blood thicken.

researchers analyzed dispersion of soluable matter in solvent
Exact  analysis  of  unsteady  convective  diffusion  investigated  by

Patel  and  Sirs (1983) examined study the dispersion of solutes during blood flow through
et.al.,(1987) closed form solution for unsteady diffusion in a fluid saturated 

et al., (2009) studying unsteady response of non newtonian
Obtained mathematical anlysis of unsteady sloute dispersion

Aini Jaafar et al., (2016) and (2021).   Sankar(2016) and Nirmala Ratchagar
Vijayakumar (2019) studied generalized dispersion method is analytically solving blood flow 

magnetic field on unsteady flow of blood in tapered stenosed artery investigated
(2017) showed modelling of blood flow in stenosed arteries. Nagarani (2017) investigated effect of flow 

on dispersion in non newtonian fluid in an annulus. Studied dispersion of waves and transmission reflection in 
Frecentese. Meenapriya (2011) and Vijayakumar (2015) studied dispersion of

Analyzed pulsatile through a generalized blood flow in 
values using finite difference method investigated by sathyasaran changdar and

In our model is steady convective diffusion, impact of Hall current on externally magnetic
dispersion model. The blood fluid modeled is couple stress fluid, rectangular

stenosed artery. Considered the numerical values for several
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In  this  paper,  we  have examine the  analysis of  pulsatile  flow in rectangular plate with multi-
magnetic field and electrically conducting  

fluid. Dispersion of blood vessels from couple stress fluid using method of solution is (i) 
 The velocity field, dispersion 

solved analytically. Variation of different dimensionless 

ribution License, which permits unrestricted 

 

arrest arteries. The cardiac arrest 
particular diseased blood vessels, formation of the problems and blood thicken. The blood 

solvent flowing slowly through  a  
Exact  analysis  of  unsteady  convective  diffusion  investigated  by Gill and Sankarasubramanian 

(1983) examined study the dispersion of solutes during blood flow through 
unsteady diffusion in a fluid saturated 

newtonian blood flow through a 
dispersion with chemical reaction 

(2016) and (2021).   Sankar(2016) and Nirmala Ratchagar and 
 have an casson fluid. Effect of 

of blood in tapered stenosed artery investigated by Veena (2019). 
(2017) investigated effect of flow 

waves and transmission reflection in 
Frecentese. Meenapriya (2011) and Vijayakumar (2015) studied dispersion of 

 non linear equation solving 
values using finite difference method investigated by sathyasaran changdar and Soumen De 

magnetic field with mass shift by 
dispersion model. The blood fluid modeled is couple stress fluid, rectangular channel with pulsatile blood 

Considered the numerical values for several parameters are plotted and 
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MATHEMATICAL FORMULATION 
 
Consider the viscous incompressible, laminar, pulsatile and fully developed unidirectional flow in rectangular channel. The 
geometry of pipe flow decribes the multi-stenosis artery. To external magnetic field apply to impact of Hall current.The 
geometry of the multiple stenosed artery R(x) is radius artery, R0  is normal artery,  li  and δi  (i = 1, 2, 3) are length and 
maximum thickness of three stenosis. di is location of the stenosis (i = 1, 2, 3) , are illustrated in figure1. The three multiple-
stenosis flow of blood at boundary of the wall is     
(y∗ = 0 ,  y∗ = R ). 

 

 
 

Figure: 1 Physical model. 
 
The governing blood fluid film region can be written as follows: 
 
Conservation of continuity: 

 

  (1) 
 
Conservation of momentum: 
 

 (2) 

 (3) 
Conservation of concentration: 
 

 (4) 
 
with boundary conditions, 

 

 (5) 
 

 (6) 
where, 
 
u∗ is the axial field in x-way, g  gravitation force,  ρ  is blood fluid of the density, p∗ is the pressure gradient, k is permeability, 
λ denoted as slip parameter, ν denoted as kinematic viscosity,  µ  is dynamic viscosity,  β0 is viscoelastic coefficient, m 
is Hall current effect, B0 is external force on magnetic field, C is concentration, Re  Reynolds number, D is diffusive flux. 
The blood liquid is handle to closed the pulsating move to the heart resulting in an unsteady pulsating pressure gradient 
approaching, Ogulu(1993) 
 

−
డ௣∗

డ௫∗ = 𝑃௦+∈  𝑃଴ 𝐶𝑜𝑠(𝜔 𝑡) > 0  (7) 
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Where, Ps + ∈P0 the amplitude of the pulsating component causing blood vessel or artery pressure and heart pressure w = 2πf 
with f ,  the heart burst frequency. 
 
The blood arterial of the multi-stenosis dimension mathematical form as, 
 

(𝑥∗) =

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧

 

𝑅଴                                                                              0 ≤ 𝑥∗ ≤ 𝑑ଵ
∗

𝑅଴ −
𝛿ଵ

∗

2
൭1 + 𝐶𝑜𝑠

2𝜋

𝑙ଵ
∗ ቆ𝑥∗ − 𝑑ଵ

∗ −
𝑙ଵ

∗

2
ቇ൱               𝑑ଵ

∗ ≤ 𝑥∗ ≤ 𝑑ଵ
∗ + 𝑙ଵ

∗

𝑅଴                                                                                𝑑ଵ
∗ + 𝑙ଵ

∗ ≤ 𝑥∗ ≤ 𝑑ଶ
∗

𝑅଴ −
𝛿ଶ

∗

2
൭1 + 𝐶𝑜𝑠

2𝜋

𝑙ଶ
∗ ቆ𝑥∗ − 𝑑ଶ

∗ −
𝑙ଶ

∗

2
ቇ൱                 𝑑ଶ

∗ ≤ 𝑥∗ ≤ 𝑑ଶ
∗ + 𝑙ଶ

∗ 

𝑅଴                                                                                  𝑑ଶ
∗ + 𝑙ଶ

∗ ≤ 𝑥∗ ≤ 𝑑ଷ
∗

𝑅଴ −
𝛿ଷ

∗

2
൭1 + 𝐶𝑜𝑠

2𝜋

𝑙ଷ
∗ ቆ𝑥∗ − 𝑑ଷ

∗ −
𝑙ଷ

∗

2
ቇ൱                      𝑑ଷ

∗ ≤ 𝑥∗ ≤ 𝑑ଷ
∗ + 𝑙ଷ

∗

𝑅଴                                                                                        𝑑ଷ
∗ + 𝑙ଷ

∗ ≤ 𝑥∗ ≤ 𝑙∗

               

 

  

 
Introducing the following non dimensional quantities, 
 

𝑢 =
𝑢∗

𝑢଴

, 𝑥 =
𝑥∗

𝑅଴

, 𝑦 =
𝑦∗

𝑅଴

, 𝑢 =
𝑢∗

𝑈଴

, 𝑅௘ =
𝑈଴ 𝑅଴

𝜗
, 𝑝 =

𝑅଴𝑝∗

𝜌 𝜗𝑢଴

, 𝑀ଶ =
𝜎𝐵଴

ଶ 𝑅଴
ଶ 

𝜇
 

 

  𝑙ଶ =
ఒ

ఓ
, 𝑙 = ට

ఒ

ఓ
, 𝑙 =

௟∗

ோబ
,𝑑 =

ௗ∗

ோబ
, 𝛿 =

ఋ∗

ோబ
𝑅 =

ோ∗

ோబ
 ,C=

௖∗

௖బ
, 𝑡∗ =

௧

௧ᇲ  
  (8) 

 
By using above non dimensional quantities, the equations (2)and (3) becomes, 
 

−𝑅𝑒 =
ଵ

௔మ

డర௨

డ௬ర −
డమ௨

డ௬మ + ቀ
ெమ

ଵା௠మ +
ଵ

ఒ
ቁ 𝑢  (9) 

  0 =
డ௣

డ௬
  (10) 

 
Solving equation (9) using the boundary condition (5) we get, 
 

𝑢 = 𝑐ଵ𝑒௠య௬ + 𝑐ଶ 𝑒ି௠ర ௬ + 𝑐ଷ𝑒௠ఱ௬ + 𝑐ସ𝑒ି௠ల௬ −
ோ௘ ௉

௔
మቆ

ಾమ

భశ೘మశ
భ
ഊ

ቇ
  (11) 

 
u is average velocity specified by, 
 

𝑢 =
ଵ

ோ
∫ 𝑢 𝑑𝑦 

଴

ோ
  (12) 

 

𝑢 =
ଵ

ோ
൥

௖భ௘೘యೃ

௠య
−

௖మ௘ష೘రೃ

௠ర
+

௖య௘೘ఱೃ

௠ఱ
−

௖ర௘ష೘లೃ

௠ల
−

ோ௘ ௉ ோ

௔మ൬
ಾమ

భశ೘మା
భ

ഊ
൰
൩  (13) 

  V=𝑢 − 𝑢 
 

= 𝑐ଵ𝑒௠య௬ + 𝑐ଶ𝑒ି௠ర௬ + 𝑐ଷ𝑒௠ఱ௬ + 𝑐ସ𝑒ି௠ల௬ −
ோ௘ ௉

௔మ൬
ಾమ

భశ೘మା
భ

ഊ
൰

−
ଵ

ோ
൥

௖భ௘೘యೃ

௠య
−

௖మ௘ష೘రೃ

௠ర
+

௖య௘೘ఱೃ

௠ఱ
−

௖ర௘ష೘లೃ

௠ల
−

ோ௘ ௉ ோ

௔మ൬
ಾమ

భశ೘మା
భ

ഊ
൰
൩   (14) 

 
Taylor Dispersion: 
 
equation (4) and (8) becomes, 
 
ଵ

௧ᇲ

డ௖

డ௧
+

௨ି௨

௅

డ௖

డ఍
=

஽

ோబ
మ

డమ௖

డ௬మ    (15) 

 
𝑉𝑅଴

ଶ

𝐷 𝐿

𝜕𝑐

𝜕𝜉
=

𝜕ଶ𝑐

𝜕𝑦ଶ
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𝑤ℎ𝑒𝑟𝑒 ,   
 

𝑄𝑉 =
డమ௖

డ௬మ  (16) 

 
dimensionless in multi-stenosis artery is below, 
 

(𝑥) =

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧

 

1                                                                              0 ≤ 𝑥 ≤ 𝑑ଵ

1 −
𝛿ଵ

2
൭1 + 𝐶𝑜𝑠

2𝜋

𝑙ଵ

൬𝑥 − 𝑑ଵ −
𝑙ଵ

2
൰൱               𝑑ଵ ≤ 𝑥 ≤ 𝑑ଵ + 𝑙ଵ

1                                                                                𝑑ଵ + 𝑙ଵ ≤ 𝑥 ≤ 𝑑ଶ

1 −
𝛿ଶ

2
൭1 + 𝐶𝑜𝑠

2𝜋

𝑙ଶ

൬𝑥 − 𝑑ଶ −
𝑙ଶ

2
൰൱                 𝑑ଶ ≤ 𝑥 ≤ 𝑑ଶ + 𝑙ଶ 

1                                                                                  𝑑ଶ + 𝑙ଶ ≤ 𝑥 ≤ 𝑑ଷ

1 −
𝛿ଷ

2
൭1 + 𝐶𝑜𝑠

2𝜋

𝑙ଷ

൬𝑥 − 𝑑ଷ −
𝑙ଷ

2
൰൱                      𝑑ଷ ≤ 𝑥 ≤ 𝑑ଷ + 𝑙ଷ

1                                                                                        𝑑ଷ + 𝑙ଷ ≤ 𝑥 ≤ 𝑙
               

 

  

 

𝑐 = 𝑄(൮
𝑐ଵ𝑒௠య௬

𝑚ଷ
ଶ +

𝑐ଶ𝑒ି௠ర௬

𝑚ସ
ଶ +

𝑐ଷ𝑒௠ఱ௬

𝑚ହ
ଶ +

𝑐ସ𝑒ି௠ల௬

𝑚଺
ଶ −

𝑅𝑒 𝑃 𝑦ଶ

2𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
൲ 

 

−
௖భ ௘

೘యோ ௬మ

ଶ௠యோ
+

௖మ ௘
ష೘రோ ௬మ

ଶ௠రோ
−

௖య ௘
೘ఱோ ௬మ

ଶ௠ఱோ
+

௖ర ௘
ష೘లோ ௬మ

ଶ௠లோ
+

ோ௘ ௉ ௬మோ

ଶ௔మ൬
ಾమ

భశ೘మା
భ

ഊ
൰
) + 𝐴𝑦 + 𝐵  (17) 

 
where, 

𝐴 = 𝑄 ቈ−
𝑐ଵ𝑚ଷ

𝑚ଷ
ଶ +

𝑐ଶ𝑚ସ

𝑚ସ
ଶ −

𝑐ଷ𝑚ହ

𝑚ହ
ଶ +

𝑐ସ𝑚଺

𝑚଺
ଶ ቉ 

 

𝐵 = 𝑄(−
𝑐ଵ𝑒௠యோ

𝑚ଷ
ଶ −

𝑐ଶ𝑒ି௠రோ

𝑚ସ
ଶ −

𝑐ଷ𝑒௠ఱோ

𝑚ହ
ଶ −

𝑐ସ𝑒ି௠లோ

𝑚଺
ଶ +

𝑅𝑒 𝑃 𝑅ଶ

2𝑎ଶ(
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

)
 

𝑐ଵ𝑒௠యோ𝑅ଶ

2𝑚ଷ𝑅
−

𝑐ଶ𝑒ି௠రோ𝑅ଶ

2𝑚ସ𝑅
+

𝑐ଷ𝑒௠ఱோ𝑅ଶ

2𝑚ହ𝑅
−

𝑐ସ𝑒ି௠లோ𝑅ଶ

2𝑚଺𝑅
−

𝑅𝑒 𝑃 𝑅 𝑅ଶ

2𝑎ଶ𝑅 ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
+ 

    ௖భ௠య ோ

௠య
మ −

௖మ௠ర ோ

௠ర
మ +

௖య௠ఱ ோ

௠ఱ
మ −

௖య௠ల ோ

௠ల
మ ) 

 
Following Taylor (1953, 1954), we consider C variation and ξ longitudinal ∂ξ direction,  Cm  is mean concentration 
over a section  ∂C  distingishable from ∂cm ∂ξ so that equation (17) can be written as, 
 

𝑀 =
ோయ

஽ ௅
𝐺

డ௖೘

డక
  (18) 

 

This shows that cm is disperised relative to a plates which moves with velocity     exactly through a difffusive by porous 
region. Which is molecular diffusion it is  
 
(18) becomes, 
 
డெ

డక
= −

ଶ

௅

డ௖೘

డక
  (19) 

 
equation (18) and (19) we get 
 

−
2

𝐿

𝜕𝑐௠

𝜕𝑡
=

𝑅ଷ

𝐷 𝐿
𝐺 

𝜕ଶ𝑐௠

𝜕𝜉ଶ
 

𝜕𝑐௠

𝜕𝑡
= −

𝑅ଷ

2𝐷
𝐺

𝜕ଶ𝑐௠

𝜕𝜉ଶ
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𝐷∗ = −
ோయ

ଶ஽
𝐺    (20) 

 
Generalized Dispersion 
 
To obtained generalized dispersion an evaluated Gill and Sankarasubramanian (1970), The solution of equation (4) becomes, 
with boundary conditions, 
 

              

௖∗(଴,௫∗,௬∗)ୀ௖బ ௙௢௥ |௫|ஸ௫ೞ,
௖∗(଴,௫∗,௬∗)ୀ௖బ ௙௢௥ |௫|வ௫ೞ,

ങ೎∗

ങ೤∗(௧∗,௫∗,଴)ୀ଴

ങ೎∗

ങ೤∗(௧∗,௫∗,ோ∗(௫))ୀ଴

௖∗(௧∗,ஶ,ோ∗)ୀ
ങ೎∗

ങೣ∗(௧∗,ஶ,௬∗)ୀ଴⎭
⎪
⎪
⎬

⎪
⎪
⎫

  (21) 

 
where c0 is concentration of the initial slug insert of length and equation (21) represents the initial concentration we obtain 
equation (4) and (21) dimensionless using 
 

𝜃 =
௖∗

௖బ
, 𝑢∗ =

௨

௨
, 𝑌 =

௬

ோ
, 𝑋 =

஽ೣ

ோమ௨
, 𝑝௘ =

௨ோ

஽
, 𝜏 =

௧஽

ோమ  (22) 

 
using the above equation (22) becomes, 
 
డఏ

డఛ
+ 𝑢∗ డఏ

డ௑
=

ଵ

௣೐
మ

డమఏ

డ௑మ +
డమఏ

డ௒మ  (23) 

 

Where 𝑢∗ = 𝑢

𝑢
,  dimensionless velocity of the fluid. We define axial coordinate moving with the average velocity of flow as 

𝑥1 = 𝑥 − 𝑢𝑡 which dimensionless form is X1 = X – τ 
 

where 𝑋1 = 𝑥1𝐷

𝑅2𝑢
  using equation (23) becomes, 

 
డఏ

డఛ
+ 𝑈

డఏ

డ௑భ
=

ଵ

௣೐
మ

డమఏ

డ௑భ
మ +

డమఏ

డ௒మ    

 

with U = 
௨ିū

௨
 

 
The dimensionless along with initial and boundary conditions above equation (21) are given by, 
 

 

                     𝜃(0, 𝑋ଵ, 𝑌) = 𝑅 𝑓𝑜𝑟 |𝑥| ≤ 𝑋,

                       𝜃(0, 𝑋ଵ, 𝑌) = 𝑅 𝑓𝑜𝑟 |𝑥| > 𝑋,

                               

డఏ

డ௒
(𝜏, 𝑋ଵ, 0) = 0

డఏ

డ௒
(𝜏, 𝑋ଵ, 𝑅(𝑥)) = 0

0(𝜏, ∞, 𝑌) =
డఏ

డ௑భ
(𝜏, ∞, 𝑌) = 0⎭

⎪⎪
⎬

⎪⎪
⎫

  (25) 

 
solution of equation (24) and boundary conditions (25) can be written as, 
 

𝜃(𝜏, 𝑋ଵ, 𝑌) = 𝜃௠(𝜏, 𝑋ଵ) + 𝑓ଵ(𝜏, 𝑌)
𝜕𝜃௠

𝜕𝑋ଵ

(𝜏, 𝑌) + 𝑓ଶ(𝜏, 𝑌)
𝜕ଶ𝜃௠

𝜕𝑋ଵ
ଶ

(𝜏, 𝑋ଵ) + ⋯ 

 
 

   𝜃 = 𝜃௠ + ∑ 𝑓௞
ஶ
௞ୀଵ (𝜏, 𝑌)

డೖఏ೘

డ௑భ
ೖ        (26) 

 

where average concentration is denoted as 𝜃𝑚 (cross section) and we get, 
 

𝜃𝑚(𝜏, 𝑋1) = ∫ 𝜃(𝜏, 𝑋1, 𝑌)𝑑𝑌   
𝑅

0   (27) 
 
Integrating equation (24) limits in [0, R] using this equation (27) we get, 
 
 (28) 

15488                                             International Journal of Current Research, Vol. 12, Issue, 03, pp.15484-15496, March, 2020 
 



 
 
using the equation (26) in (27) we get, 
 

𝜕𝜃𝑚

𝜕𝜏
=

1

𝑝𝑒
2

𝜕
2
𝜃𝑚

𝜕𝑋1
2

−
𝜕

𝜕𝑋1
න 𝑈(𝜃𝑚(𝜏, 𝑋1)

𝑅

0
+ 𝑓1

(𝜏, 𝑌)
𝜕𝜃𝑚

𝜕𝑋1
(𝜏, 𝑋1) + 

 

𝑓2
(𝜏, 𝑌)

𝜕
2

𝜃𝑚

𝜕𝑋1
2 (𝜏, 𝑋1) + ⋯ )𝑑𝜏     (29) 

 
Gill and Sankarasubramanian developed generalized dispersion representation with time dependent coefficient of equation 
follows, 
 

         
డఏ೘

డఛ
= 𝐾ଵ

డఏ೘

డ௑భ
+ 𝐾ଶ

డమఏ೘

డ௑భ
మ + 𝐾ଷ

డయఏ೘

డ௑భ
య + ⋯  (30) 

 
equation (30) and (29) we get, 
 

𝐾ଵ

𝜕𝜃௠

𝜕𝑋ଵ

+ 𝐾ଶ

𝜕ଶ𝜃௠

𝜕𝑋ଵ
ଶ + 𝐾ଷ

𝜕ଷ𝜃௠

𝜕𝑋ଵ
ଷ + ⋯ = 

 
 
1

𝑝௘
ଶ

𝜕ଶ𝜃௠

𝜕𝑋ଵ
ଶ −

𝜕

𝜕𝑋ଵ

න 𝑈(𝜃௠(𝜏, 𝑋ଵ)
ோ

଴

+ 𝑓ଵ(𝜏, 𝑌)
𝜕𝜃௠

𝜕𝑋ଵ

(𝜏, 𝑋ଵ) + 

 

 𝑓2
(𝜏, 𝑌)

𝜕
2

𝜃𝑚

𝜕𝑋1
2 (𝜏, 𝑋1) + ⋯ )𝑑𝜏  (31) 

 

Equating the coefficient 
𝜕𝜃𝑚

𝜕𝑋1
, 𝜕

2
𝜃𝑚

𝜕𝑋1
2 , … we get 

𝐾1 = − න 𝑈 𝑑𝑌
𝑅

0
 

𝐾2 =
1

𝑝𝑒
2

− න 𝑈 𝑓1

𝑅

0
(𝜏, 𝑌)𝑑𝑌 

𝐾3 = − න 𝑈 𝑓2

𝑅

0
(𝜏, 𝑌)𝑑𝑌 

 

   𝐾𝑖(𝜏) =
𝛿𝑖𝑗

𝑝𝑒
2 − ∫ 𝑓𝑖−1

(𝜏, 𝑌)𝑑𝑌 (𝑖 = 1,2, …   𝑗 = 2)
𝑅

0   (32) 

 
where  δij   identified is kroneaker delta is, 
 

𝛿௜௝
= ቊ

1, 𝑖𝑓    𝑖 = 1

0, 𝑖𝑓   𝑖 ≠ 𝑗
     

  

equation (26) and (24) we get, 
 
𝜕

𝜕𝜏
(𝜃௠(𝜏, 𝑋ଵ) + 𝑓ଵ(𝜏, 𝑌)

𝜕𝜃௠

𝜕𝑋ଵ

(𝜏, 𝑋ଵ) + 𝑓ଶ(𝜏, 𝑌)
𝜕ଶ𝜃௠

𝜕𝑋ଵ
ଶ

(𝜏, 𝑋ଵ) + ⋯ ) 

 

+𝑈
𝜕

𝜕𝑋ଵ

ቆ𝜃௠(𝜏, 𝑋ଵ) + 𝑓ଵ(𝜏, 𝑌)
𝜕𝜃௠

𝜕𝑋ଵ

(𝜏, 𝑋ଵ) + 𝑓ଶ(𝜏, 𝑌)
𝜕ଶ𝜃௠

𝜕𝑋ଵ
ଶ

(𝜏, 𝑋ଵ) + ⋯ ቇ 

 

=
1

𝑝௘
ଶ

𝜕ଶ

𝜕𝑋ଵ
ଶ ቆ𝜃௠(𝜏, 𝑋ଵ) + 𝑓ଵ(𝜏, 𝑌)

𝜕𝜃௠

𝜕𝑋ଵ

(𝜏, 𝑋ଵ) + 𝑓ଶ(𝜏, 𝑌)
𝜕ଶ𝜃௠

𝜕𝑋ଵ
ଶ

(𝜏, 𝑋ଵ) + ⋯ ቇ 
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1

+
డమ

డ௒మ ቀ𝜃௠(𝜏, 𝑋ଵ) + 𝑓ଵ(𝜏, 𝑌)
డఏ೘

డ௑భ
(𝜏, 𝑋ଵ) + 𝑓ଶ(𝜏, 𝑌)

డమఏ೘

డ௑భ
మ (𝜏, 𝑋ଵ) + ⋯ ቁ  (33) 

 
Following Gill and Sankarasubramanian (1970) using the equation (30) and (33) 
 
 
డ಼శభఏ೘

డఛ డ௑భ
಼ = ∑ 𝑘௜(𝜏)௄

௜ୀଵ
డ಼శభఏ೘

డ௑భ
಼శభ   (34) 

 
we have, 

 

ቈ
𝜕𝑓ଵ

𝜕𝜏
−

𝜕ଶ𝑓ଵ

𝜕𝑌ଶ
+ 𝑈 + 𝐾ଵ(𝜏)቉

𝜕𝜃௠

𝜕𝑋ଵ

 

 

+[
𝜕𝑓ଶ

𝜕𝜏
−

𝜕ଶ𝑓ଶ

𝜕𝑌ଶ
+ 𝑈𝑓ଵ + 𝐾ଵ(𝜏) + 𝐾ଶ(𝜏) −

1

𝑝௘
ଶ

]
𝜕ଶ𝜃௠

𝜕𝑋ଵ
ଶ  

 

+ ෍(ቈ
𝜕𝑓௞ାଶ

𝜕𝜏
−

𝜕ଶ𝑓௞ାଶ

𝜕𝑌ଶ
+ 𝑈𝑓௞ାଵ + 𝐾ଵ(𝜏)𝑓௞ାଵ + 𝐾ଵ(𝜏)𝑓௞ାଵ + ൬𝐾ଶ(𝜏) −

1

𝑝௘
ଶ

൰ 𝑓௞቉

ஶ

௜ୀଵ

 

 

       + ∑ 𝐾௜
௞ାଶ
௜ୀଵ 𝑓௞ାଶି௜)

డೖశమఏ೘

డ௑భ
ೖశమ = 0  (35) 

 

with f0= 1 equating the coefficient of 
𝜕

𝑘
𝜃𝑚

𝜕𝑋1
𝑘   (35) to zero, we obtain following partial differential equation 

 

    
డ௙భ

డఛ
=

డమ௙భ

డ௒మ − 𝑈 − 𝐾ଵ(𝜏)         (36) 

 

   
డ௙మ

డఛ
=

డమ௙మ

డ௒మ − 𝑈 𝑓ଵ − 𝐾ଵ(𝜏)𝑓ଵ − 𝐾ଶ(𝜏) +
ଵ

௣೐
మ  

   (37) 

 
 
డ௙ೖశమ

డఛ
=

డమ௙ೖ

డ௒
− 𝑈 𝑓௞ାଵ − 𝐾ଵ(𝜏)𝑓௞ାଵ − ቀ𝐾ଶ(𝜏) −

ଵ

௣೐
మቁ 𝑓௞ − ∑ 𝐾௜

௞ାଶ
௜ୀଵ 𝑓௞ାଵି௜  (38) 

 
using the boundary conditions,  
 

 

                                            𝑓௞(0, 𝑌) = 0

                                           

డ௙ೖ

డ௒
(𝜏, 0) = 0

   
డ௙ೖ

డ௒
(𝜏, 𝑅) = 0

∫ 𝑓௞
ோ

଴
(𝜏, 𝑌)𝑑𝑌 = 0⎭

⎪
⎬

⎪
⎫

  (39) 

 
for k=1,2,3,... from equation (32) for i = 1 using f0 = 1 
 
𝐾ଵ(𝜏) = 0        (40) 
 
From equation (32) for i = 2 , 
 

    𝐾2(𝜏) = 1

𝑝𝑒
2 − ∫ 𝑈 𝑓1 𝑑𝑌  

𝑅
0   (41) 

 
To evaluate K2(τ ) 
 
Put  
 
 𝑓1 = 𝑓10

(𝑌) + 𝑓11
(𝜏, 𝑌)  (42) 

 
where f10(Y ) is corresponds to an infinitely wide slug which is independent of τ and f11 is τ dependent satisfied with 
boundary conditions 
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 (43) 
 
 𝑓ଵ଴ = 0    𝑎𝑡     𝑌 = 𝑅       (44) 
 

  ∫ 𝑓ଵ଴
ோ

଴
𝑑𝑌 = 0   (45) 

 
using the (42) in (12) implies that 
 
𝑑ଶ𝑓ଵ଴

𝑑𝑌ଶ
=

1

𝑐ଵ𝑒௠యோ

𝑚ଷ𝑅
−

𝑐ଶ𝑒ି௠రோ

𝑚ସ𝑅
+

𝑐ଷ𝑒௠ఱோ

𝑚ହ𝑅
−

𝑐ସ𝑒ି௠లோ

𝑚଺𝑅
−

𝑅𝑒 𝑃 𝑅

𝑅𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰

 

 

(𝑐ଵ
 𝑒௠య௒ + 𝑐ଶ𝑒ି௠ర௒ + 𝑐ଷ𝑒௠ఱ௒ + 𝑐ସ𝑒ି௠ల௒ −

𝑅𝑒 𝑃

𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
 

 

−
𝑐ଵ𝑒௠యோ

𝑚ଷ𝑅
+

𝑐ଶ𝑒ି௠రோ

𝑚ସ𝑅
−

𝑐ଷ𝑒௠ఱோ

𝑚ହ𝑅
+

𝑐ସ𝑒ି௠లோ

𝑚଺𝑅
+

𝑅𝑒 𝑃 𝑅

𝑅𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
 

 

𝑓ଵ଴ =
1

𝑢
ቆ

𝑐ଵ𝑒௠య௒ 

𝑚ଷ
ଶ

  +
𝑐ଶ𝑒ି௠ర௒ 

𝑚ସ
ଶ +

𝑐ଷ𝑒௠ఱ௒  

𝑚ହ
ଶ +

𝑐ସ𝑒ି௠ల௒ 

𝑚଺
ଶ −

𝑅𝑒 𝑃 𝑌ଶ

2𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
 

 

−
𝑐ଵ𝑒௠యோ𝑌ଶ

2𝑚ଷ𝑅
+

𝑐ଶ𝑒ି௠రோ𝑌ଶ

2𝑚ସ𝑅
−

𝑐ଷ𝑒௠ఱோ𝑌ଶ

2𝑚ହ𝑅
+

𝑐ସ𝑒ି௠లோ𝑌ଶ

2𝑚଺𝑅
+

𝑅𝑒 𝑃 𝑌ଶ𝑅

2𝑅𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
+ 𝐴ଵ𝑌 + 𝐵ଵ 

 

  
డ௙భభ

డఛ
=

డమ௙భభ

డ௒మ       (46) 

 
The above equation is heat conduction equation is solving separation of variables steady state condition time increases, 
 

𝑓ଵଵ(𝑌, 𝜏) = 𝑒ିఒమ(ఛ)(𝐴 𝑐𝑜𝑠[𝜆 𝑌]) + 𝐵 𝑠𝑖𝑛[𝜆 𝑌]  (47) 

 

  𝑓ଵଵ = ෍ 𝐴௡

ஶ

௡ୀଵ

𝑒ିఒ೙
మ

 𝑐𝑜𝑠[𝜆௡ 𝑌]     

 
where, 
 

𝐴௡ = − ∫ 𝑓ଵ଴
ோ

଴
(𝑌) 𝑐𝑜𝑠[𝜆௡𝑌]𝑑𝑌    (48) 

 

𝐴௡ = ቆ−
𝑐ଵ𝑒௠యோ

𝑚ଷ
ଷ

  +
𝑐ଶ𝑒ି௠రோ

𝑚ସ
ଷ −

𝑐ଷ𝑒௠ఱோ

𝑚ହ
ଷ +

𝑐ସ𝑒ି௠లோ

𝑚଺
ଷ +

𝑅𝑒 𝑃 𝑅ଷ

6𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
 

 

+
𝑐ଵ𝑒௠యோ𝑅ଷ

6𝑚ଷ𝑅
−

𝑐ଶ𝑒ି௠రோ𝑅ଷ

6𝑚ସ𝑅
+

𝑐ଷ𝑒௠ఱோ𝑅ଷ

6𝑚ହ𝑅
−

𝑐ସ𝑒௠లோ𝑅ଷ

6𝑚଺𝑅
−

𝑅𝑒 𝑃 𝑅ଷ

6𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
 

+
𝑐ଵ𝑚ଷ𝑅ଶ

2𝑚ଷ
ଶ −

𝑐ଶ𝑚ସ𝑅ଶ

2𝑚ସ
ଶ +

𝑐ଷ𝑚ହ𝑅ଶ

2𝑚ହ
ଶ −

𝑐ସ𝑚଺𝑅ଶ

2𝑚଺
ଶ  

ቆ+
𝑐ଵ𝑒௠యோ𝑅

𝑚ଷ
ଶ

  +
𝑐ଶ𝑒ି௠రோ𝑅

𝑚ସ
ଶ +

𝑐ଷ𝑒௠ఱோ𝑅

𝑚ହ
ଶ +

𝑐ସ𝑒ି௠లோ𝑅

𝑚଺
ଶ −

𝑅𝑒 𝑃 𝑅ଶ𝑅

2𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
 

−
𝑐ଵ𝑒௠యோ𝑅ଶ𝑅

2𝑚ଷ𝑅
−

𝑐ଶ𝑒ି௠రோ𝑅ଶ𝑅

2𝑚ସ𝑅
+

𝑐ଷ𝑒௠ఱோ𝑅ଶ𝑅

2𝑚ହ𝑅
−

𝑐ସ𝑒௠లோ𝑅ଶ𝑅

2𝑚଺𝑅
−

𝑅𝑒 𝑃 𝑅ଶ𝑅𝑅

2𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
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substituting (46) and (48) in equation (42) we get, 
 
 

𝑓ଵ =
1

𝑢
ቆ

𝑐ଵ𝑒௠య௒ 

𝑚ଷ
ଶ

  +
𝑐ଶ𝑒ି௠ర௒ 

𝑚ସ
ଶ +

𝑐ଷ𝑒௠ఱ௒ 

𝑚ହ
ଶ +

𝑐ସ𝑒ି௠ల௒ 

𝑚଺
ଶ −

𝑅𝑒 𝑃 𝑌ଶ

2𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
 

 

 −
𝑐ଵ𝑒௠యோ𝑌ଶ

2𝑚ଷ𝑅
+

𝑐ଶ𝑒ି௠రோ𝑌ଶ

2𝑚ସ𝑅
−

𝑐ଷ𝑒௠ఱோ𝑌ଶ

2𝑚ହ𝑅
+

𝑐ସ𝑒ି௠లோ𝑌ଶ

2𝑚଺𝑅
+

𝑅𝑒 𝑃 𝑌ଶ𝑅

2𝑅𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
+ 𝐴ଵ𝑌 + 𝐵ଵ൲ 

 

+ ෍ 𝑒ఒ೙
మ ఛ

ଷ

௡ୀଵ

𝑐𝑜𝑠[𝑌 𝜆௡] ቆ−
𝑐ଵ

2𝑚ଷ
ଶ(𝑚ଷ − 𝑖𝜆௡)

  +
𝑐ଵ𝑒௠యோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚ଷ
ଶ(𝑚ଷ − 𝑖𝜆௡)

−
𝑖𝑐ଵ𝑒௠యோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚ଷ
ଶ(𝑚ଷ − 𝑖𝜆௡)

 

 

−
𝑐ଵ

2𝑚ସ
ଶ(𝑚ସ − 𝑖𝜆௡)

+
𝑐ଶ𝑒௠రோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚ସ
ଶ(𝑚ସ − 𝑖𝜆௡)

−
𝑖𝑐ଶ𝑒௠రோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚ସ
ଶ(𝑚ସ − 𝑖𝜆௡)

−
𝑐ଷ

2𝑚ହ
ଶ(𝑚ହ − 𝑖𝜆௡)

 

 

+
𝑐ଷ𝑒௠ఱோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚ହ
ଶ(𝑚ହ − 𝑖𝜆௡)

−
𝑖𝑐ଷ𝑒௠ఱோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚ହ
ଶ(𝑚ହ − 𝑖𝜆௡)

−
𝑐ସ

2𝑚଺
ଶ(𝑚଺ − 𝑖𝜆௡)

+
𝑐ସ𝑒௠లோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚଺
ଶ(𝑚଺ − 𝑖𝜆௡)

 

 

−
𝑖𝑐ସ𝑒௠లோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚଺
ଶ(𝑚଺ − 𝑖𝜆௡)

−
𝑐ଵ

2𝑚ଷ
ଶ(𝑚ଷ + 𝑖𝜆௡)

+
𝑐ଵ𝑒௠యோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚ଷ
ଶ(𝑚ଷ + 𝑖𝜆௡)

−
𝑖𝑐ଵ𝑒௠యோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚ଷ
ଶ(𝑚ଷ + 𝑖𝜆௡)

 

 

−
𝑐ଶ

2𝑚ସ
ଶ(𝑚ସ + 𝑖𝜆௡)

+
𝑐ଶ𝑒௠రோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚ସ
ଶ(𝑚ସ + 𝑖𝜆௡)

+
𝑖𝑐ଶ𝑒௠రோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚ସ
ଶ(𝑚ସ + 𝑖𝜆௡)

−
𝑐ଷ

2𝑚ହ
ଶ(𝑚ହ + 𝑖𝜆௡)

 

 

+
𝑐ଷ𝑒௠ఱோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚ହ
ଶ(𝑚ହ + 𝑖𝜆௡)

−
𝑖𝑐ଷ𝑒௠ఱோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚ହ
ଶ(𝑚ହ + 𝑖𝜆௡)

−
𝑐ସ

2𝑚଺
ଶ(𝑚଺ + 𝑖𝜆௡)

+
𝑐ସ𝑒௠లோ𝑐𝑜𝑠[𝑅𝜆௡]

2𝑚଺
ଶ(𝑚଺ + 𝑖𝜆௡)

 

 
𝑖𝑐ସ𝑒௠లோ𝑠𝑖𝑛[𝑅𝜆௡] 

2𝑚଺
ଶ(𝑚଺ + 𝑖𝜆௡)

+
𝑐ଵ𝑒௠యோ𝑠𝑖𝑛[𝑅𝜆௡]

𝑚ଷ𝑅𝜆௡
ଷ

−
𝑐ଶ𝑒ି௠రோ𝑠𝑖𝑛[𝑅𝜆௡] 

𝑚ସ𝑅𝜆௡
ଷ

+
𝑐ଷ𝑒௠ఱோ𝑠𝑖𝑛[𝑅𝜆௡] 

𝑚ହ𝑅𝜆௡
ଷ

 

 

−
𝑐ସ𝑒ି௠లோ𝑠𝑖𝑛[𝑅𝜆௡] 

𝑚଺𝑅𝜆௡
ଷ

−
𝑐ଵ𝑒௠యோ𝑐𝑜𝑠[𝑅𝜆௡]

𝑚ଷ𝜆௡
ଷ

+
𝑐ଶ𝑒ି௠రோ𝑐𝑜𝑠[𝑅𝜆௡]

𝑚ସ𝜆௡
ଶ

−
𝑐ଷ𝑒ି௠ఱோ𝑐𝑜𝑠[𝑅𝜆௡]

𝑚ହ𝜆௡
ଶ

 

 
𝑐ସ𝑒ି௠లோ𝑐𝑜𝑠[𝑅𝜆௡]

𝑚଺𝜆௡
ଶ

+
𝐴 𝑌 𝑠𝑖𝑛[𝑅𝜆௡]

𝜆௡

−
𝑐ଵ𝑒௠యோ𝑠𝑖𝑛[𝑅𝜆௡]

𝑚ଷ
ଶ𝜆௡

−
𝑐ଵ 𝑠𝑖𝑛[𝑅𝜆௡]

𝑚ସ
ଶ𝜆௡

 

 

 𝑐ଶ 𝑠𝑖𝑛[𝑅𝜆௡]

𝑚ସ𝜆௡

−
𝑐ଷ𝑒௠ఱோ𝑠𝑖𝑛[𝑅𝜆௡]

𝑚ହ
ଶ𝜆௡

−
𝑐ଷ 𝑠𝑖𝑛[𝑅𝜆௡]

𝑚ହ
ଶ𝜆௡

−
𝑐ସ 𝑠𝑖𝑛[𝑅𝜆௡]

𝑚଺𝜆௡

ቇ 

 
substituting f1 into equation (41) and integrating, results in dispersion coefficient solution using more help to mathematica 
software and A1 and B1 are constant values are Appendix. Similarly K3(τ ) , K4(τ ) and so on are obtained and we found that 
Ki(τ ) , i > 2 are negulating terms. Then small comparing value K2(τ ) . The dispersion model from (41) now we obtain, 
 
డఏ೘

డఛ
= 𝐾ଶ

డమఏ೘

డకమ
       (49) 

 
λ n = n π 
 
The analytical solution of(49) satisfying the condition (25) and examined Fourier Transform (Sankara (1995)) given by, 
 

𝜃௠(𝜏, 𝜉) =
1

2
቎𝑒𝑟𝑓 ቌ

𝜉௦

2
+ 𝜉

2√𝑇
ቍ + 𝑒𝑟𝑓 ቌ

𝜉௦

2
− 𝜉

2√𝑇
ቍ቏ 
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RESULTS AND DISCUSSION 
 
The results of the present study is development dispersion analysis for several various parameter values Hartmann 
number(M), Reynolds number (Re), Couple stress parameter (a) and Hall parameter (m). It’s observed in physical problem 
velocity field, mean concentration, and dispersion diffusive are dispute by apply numerical values of varied in l1 = l2 = l3 = 0.2 
, w = 1 ,  t = 1 ,height of the three stenosis is equal to distance of the stenosis when the blockage of the vessels are 10 , 30 , 
and 20 ( δ1 =0.1, δ2 =0.3 and δ3 =0.2) Re =0.2,0.6,0.8, M = 0, 1, 2, 3 , m = 0, 1 , a = 5, 10, 15 , λ = 0.2, 0.4, 0.6 The above 
values are consider same in the entire investigation exclude for different values as showed in Figure 2 to 13.  
 
 

  
Figure: 2 Plots of velocity of axial field for several values ”m”. 

 
Figure: 3 Plots of velocity of axial field for several values 

”M”. 

 

 

Figure: 5 Plots of velocity of axial field for several values ”a”. 
 

Figure: 6 Plots of concentration of axial field for several 
values ”M” 

 
Figure 2 show velocity field decreases with increasing Hall parameter. Figure 3 depits that the velocity field decreases with 
magnetic parameter is increases. figure 4 that velocity field of the increasing in blood with decreasing the Reynolds number. 
The couple stress parameter increasing with increasing Figure 5. The variation of the species of the several values of couple 
stress parameter, Reynolds number, Hall  parameter  and  magnetic  parameter.  Shows  that the figure 6 increases with 
increasing magnetic parameter.  
 
 

  
Figure: 7 Plots of concentration of axial field for several values 

”Re” 
Figure: 8 Plots of concentration of axial field for several 

values ”a” 
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Figure 7 and 9 is concentration is decreases with Hall parameter and Reynolds number is increasing. Figure 8 display in 
couple stress parameter increases with concentration increasing. The mean concentration θm with ξ for various values of a , 
Re , M , m . Figure 10 and Figure 11 θm mean concentration increases with increasing Re , m . Shows that figure 12 and 13 
variation of mean concentration θm increases with decreases in a , M . Figure 14, 15 dispersion of increased while decreases in 
Re and m . 
 

 
 

Figure: 9 Plots of concentration of axial field for several 
values ”m” 

Figure: 10 Plots of mean concentration of axial field for several 
values ”Re” 

  
Figure 11 Plots of mean concentration of axial field for 

several values ”m” 
 

Figure 12 Plots of mean concentration of axial field for several 
values ”a” 

  
 

Figure 13 Plots of mean concentration of axial field for 
several values ”M” 

 

 
Figure 14 Plots of dispersion of Reynolds number for several  

values ”Re” 

 
Figure 15. Plots of dispersion of Reynolds number for several values ”m” 

 
 
Conclusion 
 
Dispersion process in flow of blood an couple stress fluid in the porous channel, impact of Hall current and external magnetic field is 
developed using the generalized dispersion model. Unsteady in flow of blood is nature, it’s solute of dispersion in multi-stenosed artery. 

15494                                             International Journal of Current Research, Vol. 12, Issue, 03, pp.15484-15496, March, 2020 
 



In this study currently limited to the exact solution. The results are more useful to medical industrial and high pressure control. Flow of 
blood two method in different works. 
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Appendix: 

𝑐ଵ = −((1 + 𝑚ଶ)(−𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠రோା௠ఱோ)𝑚ସ
ଶ𝑚ହ

ଶ − 𝑒(௠రோା௠ఱோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ + 
𝑒(௠రோ)𝑚ସ

ଶ𝑚଺
ଶ − 𝑒(௠లோ)𝑚ସ

ଶ𝑚଺
ଶ − 𝑒(௠రோା௠ఱோ)𝑚ସ

ଶ𝑚଺
ଶ + 𝑒(௠ఱோା௠లோ)𝑚ସ

ଶ𝑚଺
ଶ + 𝑚ହ

ଶ𝑚଺
ଶ − 

𝑒(௠రோ)𝑚ହ
ଶ𝑚଺

ଶ − 𝑒(௠ఱோା௠లோ)𝑚ହ
ଶ𝑚଺

ଶ + 𝑒(௠రோା௠ఱோା௠లோ) 𝑚ହ
ଶ𝑚଺

ଶ)𝑝𝑞𝜆/(𝑎ଶ(𝑚ଷ
ଶ𝑚ସ

ଶ − 
𝑒(௠యோା௠రோ)𝑚ଷ

ଶ𝑚ସ
ଶ − 𝑒(௠ఱோା௠లோ)𝑚ଷ

ଶ𝑚ସ
ଶ + 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ଷ

ଶ𝑚ସ
ଶ + 

𝑒(௠యோା௠రோ)𝑚ଷ
ଶ𝑚ହ

ଶ − 𝑒(௠రோା௠ఱோ)𝑚ଷ
ଶ𝑚ହ

ଶ − 𝑒(௠యோା௠లோ)𝑚ଷ
ଶ𝑚ହ

ଶ + 𝑒(௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚ହ

ଶ − 
 

𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠రோା௠ఱோ)𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ − 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ − 

𝑚ଷ
ଶ𝑚଺

ଶ + 𝑒(௠రோା௠ఱோ)𝑚ଷ
ଶ𝑚଺

ଶ + 𝑒(௠యோା௠లோ)௠య
మ௠ల

మି௘(೘యೃశ೘లೃశ೘ఱೃశ೘లೃ)
𝑚ଷ

ଶ𝑚଺
ଶ + 

𝑒(௠యோା௠రோ)𝑚ସ
ଶ𝑚଺

ଶ − 𝑒(௠రோା௠ఱோ)𝑚ସ
ଶ𝑚଺

ଶ − 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚଺

ଶ + 𝑒(௠ఱோା௠లோ)𝑚ସ
ଶ𝑚଺

ଶ + 
𝑚ହ

ଶ𝑚଺
ଶ − 𝑒(௠యோା௠రோ)𝑚ହ

ଶ𝑚଺
ଶ − 𝑒(௠ఱோା௠లோ)𝑚ହ

ଶ𝑚଺
ଶ + 𝑒(௠యோା௠రோା௠లோ)𝑚ହ

ଶ𝑚଺
ଶ)(1 + 𝑚ଶ + 𝑀ଶ𝜆)); 

 
𝑐ଶ = (𝑒(௠రோ)(1 + 𝑚ଶ)(𝑒(௠యோ)𝑚ଷ

ଶ𝑚ହ
ଶ − 𝑒(௠ఱோ)𝑚ଷ

ଶ𝑚ହ
ଶ − 𝑒(௠యோା௠లோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑒(௠ఱோା௠లோ) 

𝑚ଷ
ଶ𝑚ହ

ଶ − 𝑚ଷ
ଶ𝑚଺

ଶ + 𝑒(௠ఱோ)𝑚ଷ
ଶ𝑚଺

ଶ + 𝑒(௠యோା௠లோ)𝑚ଷ
ଶ𝑚଺

ଶ − 𝑒(௠యோା௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚଺

ଶ + 𝑚ହ
ଶ𝑚଺

ଶ 
−𝑒(௠యோ)𝑚ହ

ଶ𝑚଺
ଶ − 𝑒(௠ఱோା௠లோ)𝑚ହ

ଶ𝑚଺
ଶ + 𝑒(௠యோା௠రோା௠ల ோ)𝑚ହ

ଶ𝑚଺
ଶ)𝑝𝑞𝜆)/(𝑎ଶ(−𝑚ଷ

ଶ𝑚ସ
ଶ + 

𝑒(௠యோା௠రோ)𝑚ଷ
ଶ𝑚ସ

ଶ + 𝑒(௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚ସ

ଶ − 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚ସ

ଶ − 𝑒(௠యோା௠రோ)  
𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑒(௠రோା௠ఱோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑒(௠యோା௠లோ)𝑚ଷ

ଶ𝑚ହ
ଶ − 𝑒(௠ఱோା௠లோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑚ସ

ଶ𝑚ହ
ଶ − 

−𝑒(௠రோା௠ఱோ)𝑚ସ
ଶ𝑚ହ

ଶ − 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚଺

ଶ − 
𝑒(௠యோା௠రோ)𝑚ସ

ଶ𝑚଺
ଶ + 𝑒(௠రோା௠ఱோ)𝑚ସ

ଶ𝑚଺
ଶ + 𝑒(௠యோା௠లோ)𝑚ସ

ଶ𝑚଺
ଶ − 𝑒(௠ఱோା௠లோ)𝑚ସ

ଶ𝑚଺
ଶ − 
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𝑐ଷ = ((1 + 𝑚ଶ)(𝑚ଷ

ଶ𝑚ସ
ଶ − 𝑒(௠లோ)𝑚ଷ

ଶ𝑚ସ
ଶ − 𝑒(௠యோା௠రோ)𝑚ଷ

ଶ𝑚ସ
ଶ + 𝑒(௠యோା௠రோା௠లோ)𝑚ଷ

ଶ𝑚ସ
ଶ 

−𝑚ଷ
ଶ𝑚଺

ଶ + 𝑒(௠రோ)𝑚ଷ
ଶ𝑚଺

ଶ + 𝑒(௠యோା௠లோ)𝑚ଷ
ଶ𝑚଺

ଶ − 𝑒(௠యோା௠రோା௠లோ)𝑚ଷ
ଶ𝑚଺

ଶ − 𝑒(௠రோ)𝑚ସ
ଶ𝑚଺

ଶ + 𝑒(௠యோା௠రோ)𝑚ସ
ଶ𝑚଺

ଶ

− 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚଺

ଶ)𝑝𝑞𝜆/(𝑎ଶ(−𝑚ଷ
ଶ𝑚ସ

ଶ + 𝑒(௠యோା௠రோ)𝑚ଷ
ଶ𝑚ସ

ଶ + 𝑒(௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚ସ

ଶ

− 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚ସ

ଶ 
−𝑒(௠యோା௠రோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑒(௠రோା௠ఱோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑒(௠యோା௠లோ)𝑚ଷ

ଶ𝑚ହ
ଶ − 𝑒(௠ఱோା௠లோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 

𝑚ସ
ଶ𝑚ହ

ଶ − 𝑒(௠రோା௠ఱோ)𝑚ସ
ଶ𝑚ହ

ଶ − 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ + 
𝑚ଷ

ଶ𝑚଺
ଶ − 𝑒(௠రோା௠ఱோ)𝑚ଷ

ଶ𝑚଺
ଶ − 𝑒(௠యோା௠లோ)𝑚ଷ

ଶ𝑚଺
ଶ + 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ଷ

ଶ𝑚଺
ଶ − 

𝑒(௠యோା௠రோ)𝑚ସ
ଶ𝑚଺

ଶ + 𝑒(௠రோା௠ఱோ)𝑚ସ
ଶ𝑚଺

ଶ + 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚଺

ଶ − 𝑒(௠ఱோା௠లோ)𝑚ସ
ଶ𝑚଺

ଶ − 
𝑚ହ

ଶ𝑚଺
ଶ + 𝑒(௠యோା௠రோ)𝑚ହ

ଶ𝑚଺
ଶ + 𝑒(௠ఱோା௠లோ)𝑚ହ

ଶ𝑚଺
ଶ − 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ହ

ଶ𝑚଺
ଶ) 

(1 + 𝑚ଶ + 𝑀ଶ𝜆)); 
𝑐ସ = (𝑒(௠లோ)(1 + 𝑚ଶ)(−𝑚ଷ

ଶ𝑚ସ
ଶ + 𝑒(௠ఱோ)𝑚ଷ

ଶ𝑚ସ
ଶ + 𝑒(௠యோା௠రோ)𝑚ଷ

ଶ𝑚ସ
ଶ − 𝑒(௠యோା௠రோା௠ఱோ)𝑚ଷ

ଶ𝑚ସ
ଶ + 𝑒(௠యோ)𝑚ଷ

ଶ𝑚ହ
ଶ − 𝑒(௠ఱோ)𝑚ଷ

ଶ𝑚ହ
ଶ

− 
𝑒(௠యோା௠రோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑒(௠రோା௠ఱோ)𝑚ଷ

ଶ𝑚ହ
ଶ + 𝑚ସ

ଶ𝑚ହ
ଶ − 𝑒(௠యோ)𝑚ସ

ଶ𝑚ହ
ଶ − 𝑒(௠రோା௠ఱோ)𝑚ସ

ଶ𝑚ହ
ଶ + 

𝑒(௠యோା௠రோା௠ఱோ)𝑚ସ
ଶ𝑚ହ

ଶ)𝑝𝑞𝜆)/(𝑎ଶ(𝑚ଷ
ଶ𝑚ସ

ଶ − 𝑒(௠యோା௠రோ)𝑚ଷ
ଶ𝑚ସ

ଶ − 𝑒(௠యோା௠లோ)𝑚ଷ
ଶ𝑚ସ

ଶ + 
𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ଷ

ଶ𝑚ସ 
ଶ + 𝑒(௠యோା௠రோ)𝑚ଷ

ଶ𝑚ହ
ଶ − 𝑒(௠రோା௠ఱோ)𝑚ଷ

ଶ𝑚ହ
ଶ − 𝑒(௠యோା௠లோ) 

𝑚ଷ
ଶ𝑚ହ

ଶ + 𝑒(௠ఱோା௠లோ)𝑚ଷ
ଶ𝑚ହ

ଶ − 𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠రோା௠ఱோ)𝑚ସ
ଶ𝑚ହ

ଶ + 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ − 𝑒(௠యோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ

− 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ସ
ଶ𝑚ହ

ଶ − 𝑚ଷ
ଶ𝑚଺

ଶ 
+𝑒(௠యோା௠రோ)𝑚ସ

ଶ𝑚଺
ଶ − 𝑒(௠రோା௠ఱோ)𝑚ସ

ଶ𝑚଺
ଶ − 𝑒(௠యோା௠లோ)𝑚ସ

ଶ𝑚଺
ଶ + 𝑒(௠ఱோା௠లோ)𝑚ସ

ଶ𝑚଺
ଶ + 

𝑚ହ
ଶ𝑚଺

ଶ − 𝑒(௠యோା௠రோ)𝑚ହ
ଶ𝑚଺

ଶ − 𝑒(௠ఱோା௠లோ)𝑚ହ
ଶ𝑚଺

ଶ + 𝑒(௠యோା௠రோା௠ఱோା௠లோ)𝑚ହ
ଶ𝑚଺

ଶ) 
(1 + 𝑚ଶ + 𝑀ଶ𝜆)); 

 

𝑚ଷ = +

ඨ𝑎ଶ + ට𝑎ସ − 4𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰

2
; 

 
 

𝑚ସ = −

ඨ𝑎ଶ + ට𝑎ସ − 4𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰

2
; 

 

𝑚ହ = +

ඨ𝑎ଶ − ට𝑎ସ − 4𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰

2
; 

 

𝑚଺ = −

ඨ𝑎ଶ − ට𝑎ସ − 4𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰

2
; 

 

𝐴 = −
𝑐ଵ𝑚ଷ

𝑚ଷ
ଶ +

𝑐ଶ𝑚ସ

𝑚ସ
ଶ −

𝑐ଷ𝑚ହ

𝑚ହ
ଶ +

𝑐ସ𝑚଺

𝑚଺
ଶ ; 

 

𝑡ଵ =
𝑐ଵ𝑒(௠యோ)

𝑚ଷ

−
𝑐ଶ𝑒(ି௠రோ)

𝑚ସ

+
𝑐ଷ𝑒(௠ఱோ)

𝑚ହ

−
𝑐ସ𝑒(ି௠లோ)

𝑚଺

+
𝑅𝑒 𝑃 𝑅

𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
; 

𝐵 = ൮−
𝑐ଵ𝑒(௠యோ)

𝑚ଷ
ଶ +

𝑐ଶ𝑒(ି௠రோ)

𝑚ସ
ଶ +

𝑐ଷ𝑒(௠ఱோ)

𝑚ହ
ଶ +

𝑐ସ𝑒(ି௠లோ)

𝑚଺
ଶ +

𝑅𝑒 𝑃 𝑅ଶ

𝑎ଶ ൬
𝑀ଶ

1 + 𝑚ଶ +
1
𝜆

൰
−

𝑅ଶ

2𝑅
𝑡ଵ൲ 

 

+
𝑐ଵ𝑚ଷ𝑅

𝑚ଷ
ଶ −

𝑐ଶ𝑚ସ𝑅

𝑚ସ
ଶ +

𝑐ଷ𝑚ହ𝑅

𝑚ହ
ଶ −

𝑐ସ𝑚଺𝑅

𝑚଺
ଶ ; 
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