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INTRODUCTION

In 1968, Q. G. Mohammad (1965) considered the problem of finding a bound for the number of zeros of a polynomial inside the
unit disk. Under certain conditions on the coefficients of the polynomial, he proved the following result:

Theorem A: Let P(z) = Zajzj be a polynomial of degree n such that

=0
a za  2...za 2a,>0,
a
Then the number of zeros of P(z) in | z| < L is less than or equal to 1+ log—-.
2 og2 a,

K. K. Dewan in 1980 (2) generalized Theorem A to polynomials with complex coefficients and proved the following result:

n .
Theorem B: Let P(z) = zajZ‘] be a complex polynomial of degree n with Clj :aj +lﬁj,] :0,1,2, ------ 11, where 06

Jj=0

and ﬂj are real numbers. If &, > a, Z..... 2 Q 2 o > 0, then the number of zeros of P(z) in |z| < % is less than or
equal to

o, +Yp)
log AU

I+
log2 |a0|
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C. M. Upadhye in 2007 (3) generalized Theorem B by proving the following result:

n
Theorem C: Let P(z) = ZCIJ-Z'] be a complex polynomial of degree n with Clj = 0!_1- +i,3j ,j :0,1,2,
Jj=0

and ﬁj are real numbers. If for some kK > 1,
ka,za,  >....20 2q,,
then the number of zeros of P(z) in ‘Z‘ <0,0 <6 <1 isless than or equal to

)+|050|—050 +22‘ﬁi‘
=

k(a, + |an

1

log
log; |a0|

Gulzar in 2012 (4) generalized Theorem C as follows:

n
Theorem D: Let P(z) = ZCIJ-Z] be a complex polynomial of degree n with Clj = Olj +i,8j ,j 20,1,2,
J=0

and ﬂj are real numbers. If forsome £ >1,0<7 <1,
ko, 2o 2....20, 2710,

then the number of zeros of P(z) in ‘Z‘ <0,0 <6 <1 isless than or equal to

k(a, + |an

)+ 2la| — (a, +|a,)) +2Z\ﬂ,\
j=0

log
l |a0|
log 5

In 2013, Gulzar (5) proved a more general result as follows:

n
Theorem E: Let P(z) = ZajZ" be a complex polynomial of degree n with d; =Q; +iﬁj ,J =012,
Jj=0

and ﬁj are real numbers. If forsome £ >1,0<7 <1,
ko, 2o 2....20, 2710,
. R .
then the number of zeros of P(z) in |z| < —(R > 0,c¢ > 1) isless than or equal to
C

R"'[k(a, +|an

1 lo
logc 8 |a0|

)+ 2|y | - 7(et, +|a0|)+22\ﬁj\
j=0

for R>1

and

[ag| + RUk(er, +]az, ) +[etg| +| ] = (et +lexa) +2D ]3|

log - for R<1.
loge |a0|

11, where a]

11, where a]

11, where a’]
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In this paper, we prove the following result which not only contains all the above results as special cases, but also gives many
other interesting results for different values of the parameters:

n
Theorem 1: Let P(z) = ZCZJ-Z'/ be a complex polynomial of degree n with Clj = 0!_1- +i,3j ,j = 0,1,2, ------ 1, where a] and
j=0

,Bj are real numbers. If for some positive integers A, ¢z < n and for some real numbers 0 < p, < 1,0 < p, <Lk, 2 1,k, 21

n—A+1 n—A n—A-1 2
k' 7a, 2k Ta, 2k T a, 2.2k e, 2kha, a2 20 2 pa,

an_lH—lIBn 2 an_yIBn—l 2 k2n_ﬂ_lﬁn—2 2 2 k22ﬁy+1 2 kZIBﬂ 2 IB,U—I 2 2 ﬁl 2 pZﬂO’

then the number of zeros of P(z) in |z| < £(R > 0,c¢ > 1) is less than or equal to
c

1 M
—log—,
logc |a0|
Where

M =

aVl

R™ +|ay| + R'[ket, + K, 8, + (k, —1)i(aj Ha )+ (k, —1)i(ﬂj +8,)
- pi( +‘ao‘)_p2(ﬂ0 +‘ﬂo‘)+(‘ao‘ +‘ﬂ0‘)] for R>1,

and

M =|a,[R"™ +|a,| + Rk, + k. B8, + (K, —1)2(0@ Ha )+ (k, —1)i(ﬁj 48,

-pila, +‘a0‘)_pz(ﬂo +‘ﬂ0‘)+(‘ao‘ +‘ﬂo‘)j for R<1.

If the coefficients @ jarereal i.e. ﬁj = O,\Vj, then we get the following result from Theorem 1 by taking &, = &k, p, = p:

Corollary 1: Let P(z) = Z az ’ be a complex polynomial of degree n. If for some positive integer A <7 and for some real
j=0

numbers 0< p, <10< p, <Lk21, k" *'a, >k"a, , 2k"*'a, , > .. 2k?a,,, 2ka, 2a, > ... 2a, > pa,,

n-1 = n-2

then the number of zeros of P(z) in |z| < 5(R > 0,c¢ > 1) is less than or equal to
c

1M

—log—,

logc |a0|

where

M =|a,|R™ +|a,| + R"[ka, + (k-1 (a, Ha,|) = pay +ag) +|ap|] for R>1,

j=A

and

M =|a,|R™" +|a,| + Rlka, + (k-1 (a, Ha,|) = pay +]ag)) +[a,[] for R<1.
=4

Taking A = g = n in Theorem 1, we get the following result:

n
Corollary 2: Let P(z) = ZLZJ-Z" be a complex polynomial of degree n with Clj :aj +iﬁj ,j 20,1,2, ------ 11, where a’]
Jj=0

and ﬂj are real numbers. If for some real numbers 0 < p, < 1,0 < p, < 1,k, 2 1,k, 21,
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ka,z2a,  2....2a, 2 pa,

n-1 =
kB2 Py 2 2 B2 pufiy,

then the number of zeros of P(z) in |z| < 5(R > 0,c¢ > 1) is less than or equal to
c

1 M
log—

@ |a0|’

where

M=

a |R™ +\a0\ +R'Tka, +k, B, +(k —1)(a, +

)

a}’l

)+, =D(B, +

_101(050 +‘ao‘)_pz(ﬂo +‘ﬂ0b+(‘ao‘ +‘ﬂob] for R>1,

ﬂ}’l

and

)

aﬂ

)+, =15, +

- pi(a, +‘ao‘)_p2(ﬂo +‘ﬂo‘)+(‘ao‘ +‘,30‘)] for R<1.

Taking k, = k, = k in Theorem 1, we get the following result:

M:‘an IBn

R}Hl +‘a0‘ +R[klan +k2ﬂn +(k1 _1)(an +

Corollary3: Let P(z) = Z aij be a complex polynomial of degree n with d; =, +iﬂj ,j = 0,1,2, ------ 1, where &; and
j=0

,Bj are real numbers. If for some positive integers A, < n and for some real numbers 0 < p, <1,0< p, <Lk >1,,

n—A+1 n—7 n—A-1 2

Ka, 2k"a, 2K a, 2.2k, 2k, 20, 2. 20 2 pa,,
n—u+l n—u n—p—1 2

KB 2k B 2K B 2 2 KB 2B 2 B 2 2 B2 P By,

then the number of zeros of P(z) in |z| < £(R > 0,c > 1) is less than or equal to
c

1 M
—log—,
logc |a0|
where

M =

aVl

R™ +|ay| + R"[k(e, +,Bn)+(k—l)i(aj + B3, +a,| +[B,])

_pl(ao +‘ao‘)_p2(ﬂ0 +‘ﬂo‘)+(‘ao‘ +‘ﬂ0‘)] for R>1, and

M =la,[R™ +|ay| + Rlk(at, + B,)+ (k=1)Y_(a; + B, +e;| +|B])
j=4
—-pi(a, +‘ao‘)_p2(ﬂ0 +‘ﬂo‘)+(‘ao‘ +‘,BO‘)] for R<1.
Takingk, = k,p, = p,k, =1 ,/IZ,LF”I,,DZ :15,80 >O, Cor. 1 gives the following result:

n
Corollary 4: Let P(z) = ZLZJ-Z] be a complex polynomial of degree n with Clj :aj +iﬁj ,j 20,1,2, ------ 11, where a’]
j=0

and ﬂj are real numbers. If for some real numbers 0 < p <1,,k > 1,,

ka,2a, | 2....2a, 2 pa,

B, 2P == = By >0,
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then the number of zeros of P(z) in |z| < 5(R > 0,c¢ > 1) is less than or equal to
c

1 M
——log—,
logc |a0|
where
M =|a,|R™ +|a|+ R"[ker, + B, +(k=1)(e, +|a,|) — p(a, +|a) = By +|at[lfor R>1,
and
M =|a,|R"™ +|ay| + Rlker, + B, + (k= D)(a, +|a,|) — p(cty +|o]) = By +|eto|] for R<1.

Many other results can similarly be obtained from the above results by a suitable choice of the parameters.
II. Lemmas

For the proof of Theorem 1, we make use of the following results:

Lemma 1: If f(z) is analytic in ‘Z‘ < R, but not identically zero, f(0)# 0 and f (ak) =0,
k=12,...... ,n,then

1 27 i0 . 4 R
o= jo log f (Re”’|d6 —1og| £ (0)] = kz:‘logm.

Lemma 1 is the famous Jensen’s Theorem(see page 208 of (1)).

Lemma 2: If f(z) is analytic f(O) =0, f(Z)‘ <M in ‘Z‘ < R, then the number of zeros of f(z) in |z| < 5, ¢ > 1 does not
c

exceed

1 M
—log——.
loge | £(0)

Lemma 2 is a simple consequence of Lemma 1.
1L Proofs of Theorems
Proof of Theorem 1: Consider the polynomial
F(z)=(1-2)P(z)
=(-z)(a,z"+a, z"" +..+az+a,)
=—az" +(a,—a )" +(a,_ —a,,)z"" +...+(a—a)z+q
=—az" +a,+(a, —a, )" +(a,_ —a, )z ...+ (g — )z

+i{(B, —B,.)z" +(B,, _ﬂn—z)zn_l te (B -5z}
=—az" +a,+(ka,—a, )" +(ko,  —a, )" +....+(ka,,, —a,)z"
+(ko, —a, )z o, —a, )z "+ (@ — paty)z + (0,00, — )z

—(k—De,z" +a,,z et a,z M) +i {&B,-B,)2" +(k, B, —B,,)z "

For ‘Z ‘ < R , we have, by using the hypothesis,
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|F(z) <

] A
a,|R™ +|a |+ (ka, —a, DR +(ka, , —a, )R +....+(ka,, —a,)R™"

+(ka, —o, )R +(a,, —a, , )R +.....4 (e, — paty)R+(p,0 —ty )R
+(k =D, |R" +|o, o|[R"™ +....o. 4|, [RY) + (K, B, = B, R

+(k, B, —,Bn_z)R"_1 tont (5,8, _:Bﬂ)RﬂH +(k, 8, - BOR!

+(By —B)R ™+t (B — P SR+ (0,8~ By)R

+(ky =D(B,R" +|B,,|[R" +...o..+ | B[R}

an -1

For R >1, we have

IF(2)|<|a,

R™ +|ay|+ R' [k, —a,) +(ka, | =, )+t (ki — @)
ko, —a; )+ (o, —a )+t (o = piog) + (1= py )‘0‘0‘)
+ (k= D, |+ |a, |+ o+ e, )+ (K, B, = B,
+ (kB =B+t (B — B+ (KB, — BL)
(B = Ba) + ot (B = po ) + (=) )
+ (y =B, + B, 1|+ oot |BLD]

=|a,[R"™ +|ap|+ R"[(k,ex, + k. B,)+ (k, —1)2(% +a )+ (k, —1)2(@ +|8))
- (@ ) P+ e+ BT
and for R <1, we have
|F(2) <|a,|R"™ +|ao|+ Rk, + K, 8,) + (ky — 1)2(04]. +la )+, - 1)2‘1(@. +|8,)
- P - BB+l AN

Since F(z) is analytic for ‘Z‘ <R and F (0)2610, by Lemma 2, it follows that the number of zeros of F(z) in

|z| < £(R > 0,c > 1) is less than or equal to
c

1 M
——log—,
loge |a0|

where

M =a,[R™ +|ay| + Rk, + k, B, + (k, =D Y (at; Ha, )+ (ke =) Y_ (B, +|B,)
J=A J=u

—-pia, +‘a0‘)_p2(ﬂo +‘ﬂ0‘)+(‘a0‘ +‘ﬂo‘)] for R>1,

and

M=|an

R +|a0|+R[k1an +k, B, + (k, —1)2(0@ +‘0!j‘)+(kz _l)i(ﬂj +‘:ij

= (@ +|ao) = o (By +|Bo) + (| +[ BT for R<1.
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Since the zeros of P(z) are also the zeros of F(z), it follows that the number of zeros of P(z) in |z| < 5(R > 0,c > 1) isless than
c

or equal to

1 M
—log—,
logc |aJ

where
M =a,[R™ +|ay| + Rk, + k, B, + (k, =D Y (at; Ha, )+ (ke =) (B; +|B,))
j=A J=u

_p1(a0 +‘ao‘)_p2(ﬂ0 +‘ﬂo‘)+(‘ao‘ +‘:Bo‘)] fér R=1,

and

M=

an

R"' +|ag| + Rlk,a, +k, 8, +(k, —1)2(0@ Ha )+ (k, - 1)i(ﬁ_, 48,

- pi(a, +‘ao‘)_p2(ﬂo +‘ﬂo‘)+(‘ao‘ +‘,BO‘)] for R<1

and the proof of Theorem 1 is complete.
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