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INTRODUCTION

The attempt in occupations of these particles are formulated separately for Ideal Bose Gas and Ideal Fermi Gas

Ideal Bose gas

Bose gas containing bosons is realized, computed energies and number of particles on approximation leads to ideal gas. Special
characteristics of these particles (Bosons) typicaly include are (i) indistinguishable (ii)exhibit no change in sign of the wave
function with interchange of particles (iii) No restriction to the number of particles occupying a given state (iv) characterized by
integral spin termed as Bosons. Such a realization of Bose gas with special kind of particles were initiated by S.N. Bose and

further extended by Einstein. The occupation of these particles in various quantum statesQ; reveal its population N,

corresponding to i™ sate characterized with energy e, .The total number of particles corresponding to whole Bose gas of r
guantum states of bosonsis n =N and total energy e, —E° Particles like bosons are photons, liquid helium, gluons, etc.

No. of particlesinarange e to €+ de corresponding to im guantum stateis

n(e)de =%
R |

Where 3 — _pmb = 1 g, is the degeneracy of i™ state corresponding to energy e, M is chemical potential, K isBoltzmann
kT ™
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constant and T is absolute temperature. For B.E statistics the total number of particles summed over all the possible statesis N i.e
Z” — N - As the number of particles in a state must be greater than zero(cannot be zero) mM< 0 exp(jB >1- The kinetic
' KT~

2

energy of particleis € = 2p_ .The number of quantum states with volume V whose momentum lies between pand p+dp is
m

2
g(p)dpzwwith a total of 2S+1 spin values. On generalization to total states of whole gas we transform from
h3

momentum to energy variables as these related to kinetic energy

Todetermine g(€)de with ,_p* = p’=2me and p=+/2me

2m \/ﬁ
Hence pzdp _ (2m)3’2e“2de%
g(e)de = Z’h?V (2m)¥2e’de
© g(e)de

Hence the total number of particlesis N = Z n = j%

r 0 e _1

2ng 312 de

N _[ e b(e—m) _1

As per the distribution the total number of particles in terms of mean number N = ﬁ, of particles and their occupation is

ge)de withenergy £ _ fen(e)de 1 E:Tefgi(f)l

2ng (2 )3/2J.Wde

With proper substitutions of % =X; de=(KT)dx

N2 (o )3,ZTX1’2(kT)1’2dx<kT)

ee™-1
FRVIE:
N 2pgv (2 kT)S/ZJ‘ dX 1

With substitutionof ~Z 1= Z =g

1/2dX
-1

N = 2ng

(2m kT)mT

2ng T x¥2(KT)¥2dx(KT)

ez'-1

(2 )3/2J‘
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£ _ 2pgv (kaT ¥ X3

h? j (kT)leXz—l—l

Z =e"<< 1 isthelimiti ng case of Boltzmann distribution.
Evaluation of integral in computation of E and N requires solving term in denominator

1

2% A ey oz 2 ze)

Hence
2ng 3/2oo 1/2dX
N = - =
-1
3/2x0
N = 2pV[2 ij [ x2dxze {1+ ze)
0

Considering the integral part I Ze *xM2dx + I xY2Z 2" dx
0
ZI e *x"2dx+Z 2j xM2e"#dx
0

© 3 0
x G _
Zje X2 dx+ sz- x"2e#*dx  with transformation from variable x to variable u Integral transformsto
0 0

0 » (Efl) 200 u 1/2 ) du
Zje X 2 dx+ZI— el —
0 0 2

2
2 o
1/2-u
ZF3/2+WIU e du
zZ= F1,2+23/ J' ‘”du

0

ZJE ZZJE \/—[z z]

2 23/2 25/2

Hence the number of particlesis

2ka}3’2 Jp (z

N=2ng( >
[2ka}3’2\/_ (
h?

7

N =2pgV Z| 1+

7

Solving for Z



31655 Dr. Ch. Ravi Shankar Kumar, Statistical aspects of bosons and fermions

1+ Z
gV | 2pmkT 22

N h2 3/2 ]—1

N h2 3/2 1 h2 3/2 N Z 1
7= 1- AN
gV | 2pmkT 2.2 (ZIOkaj QV( 2\2 j

N h2 3/2[ 1 N( h2 jslz

1— —_—
gV | 2pmkT 22 gV | 20mkT

Similarly eval uation of

T oxdx 3 Z
————=—A/pZ|1+—
J(;exe'”m—l 4\/5 ( ﬁj

Hence

3/2 2 \¥2 2 \¥?
£_3 ngT[ ngkTJ N h 1oL Nf_h SN
2 h gV | | 2mpkT 242 gV | 2mpkT

E:ENkT
2

First term is known as the Boltzmann term and other term is the correction to energy

3/2
PV = NkT| 1-— = N h* e, isthe equation of Ideal Bose gas
42 gV | 2pmkT
3/2
It resembles the ideal gas equation PV = NKT when | N h? << 1
gV | 2pmkT
Ideal Fermi gas

Fermi gas containing fermionsis realized, computed energies and number of particles on approximation leads to ideal gas. Special
characteristics of these particles (fermions) typically include are these particles (i) are indistinguishable(ii)exhibit change in sign
of the wave function with interchange of particles(iii) with restriction to the number of particles occupying a given stateis either 0
or 1 (iv) characterized by half integral spin termed as fermions. Such arealization of Fermi gas with special kind of particles were

initisted by Fermi and further extended by Dirac. The occupation of these particles in various quantum states g,

population N, corresponding to i™ sate characterized with energy e, .The total number of particles corresponding to whole
Fermi gas of fermions is Z” - N and total energy She, =E Particles like fermions are electrons, protons, mesons, positron,

etc.

No. of particlesinarange e to €+ de corresponding to i guantum state is

n(e)de = Ji(&:)de

a+bej

R |

g; (€ )de

gP (ei-m)

n(e)de =
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N = Zn _J g(e)de

a+be, +1

And total energy of wholegasis =S n e, J’ fg(?)
- r e-m L1

Where 3 =-bmb :kiT'gi is the degeneracy of i" state corresponding to energy e and m is chemical potentia K is
Boltzmann constant and T is absolute temperature.

2
The kinetic energy of particleis € = Zp_ .The number of quantum states with volume V whose momentum lies between p and

4pVp*dp

p+dpis g(p)dp = — 5 Wwithatota of 25+ 1 spin values. Transforming from momentum to energy variables as

these related to kinetic energy

With substitutionof ~Z 1= Z =g

g(e)de _7_eg(e)
- SO e

e*zt+1 €771 +1
For F.D statistics the total number of particles summed over all the possible statesisN i.e Z n =01
r

On generalization to total states of whole gas we transform from momentum to energy variables as these related to kinetic energy

To determine g(e)de with e_L = p’=2me and p=+/2me dp=

\/ﬁ

2 3/2 ,1/2 1

Hence p“dp=(2m)~“e deE
\Y%
g(e)de — 2phg 3/2 1/2de
2paV - vz 3/2
e = B0 e[ Sy BV ] e
h ° e*Z7+1 ) ez
Let define afunction F T e'*de T e*'’de
SR T AT ez 111

0 0

Hence the total number of particles N and energy E transformsto

N =P om¥2F,,
E | 3 (2 )3/2| 5/2
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e"'de

Defining in general FH(Z)Z oo 1 A
'([eb Z1+1

With transformation from variable e to x

€ X or be =x and de = (KT )dx
KT

T x"dx 17 x"dx
FAZ)=(KT)"|—=——=——ad F (2)=(kT)"f (Z)with f (Z)=—|———
( ) ( ) _!).ele+1 n( ) ( ) n( ) ( ) Fnoexzilﬁ-l
h2
Where I’ is gamma function and thermal wavelength | =
2pmKT

om\? = eY%de
N =2ng(Fj J.O 711

€ _x orbe=x e=(kT)x and de = (kT)dx

KT
312
N = ngv(i—f'j k b”z)t;:;)fl 1
N = 2pgV i_rznfz bi’z j: ei(;zldil
¥2 . xizg
v-we) [ s
N =2pgV Zr:i(TTIZI: ef;d fl
3/2 - 1/2
N = ZDQV[Z?ij [
N = 2pgv(2r:|2(—r jm f32(Z)Ts),
N = Zng(Zr:I;TTIZ fs,z(Z)%x/E
N = V(Zprngjalzfs/z(Z)
N=I71,,2)

Similarly
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_ 2pgV o2 €¥%de
E="2"(2m) lebeﬂ

be = x Differentiating bde =dx and de= %

2ng T x¥2dx
E b3/2_£z—lebe +1
2mKT 7 x%2-gx
E =2pgV KT| ———
g ( j $Z7e™ +1
2mkT
e - 2p0v[ ] (KT Fara(2)

2mkT %, .31
E—2ng( - j (kT)EEJHfS,z(Z)

2

3, _(2mpkT \**
E=§kT( o j GV (2)

In terms of thermal wavelength
3 \Y4
E =§kT|gT fo1o(2)

Tofind valuesof f,, and fg,

X" tdx

1 o0
We kno f Z)=— R a—
v (@)= { Ze +1

n
Denominator can be expressed as

1
Z e +1

— ze 1+ ze )" :Ze‘x(l—(Ze‘X)+(Ze‘x)2— ........ ):ﬁ(;z'e-“(—l)'-l

©

Hence f (Z) = Fi j x> Z'e (-1
no I=1

Z' [
f.(Z)= (—1)'4'—n by definition of gamma function J'e X" dx=T,
0

z> z® z°
2" 3 4

fo(Z2) =

_ 3
Hence with N = E
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Z? 23 z*
9312 33/2 - 4312

fs2(2) =2 -

Now N = 9 f32(Z) an

e =—=1,,(Z) ad f;,,(2) =112 where % =TI isparticle density
g

Casel

At high temperature and low density f,,(Z) <<1 and gasis non degenerate = Z <<1

For Z small compared to unity E = ng I(‘:J;/

E =§ NKT f5/2(Z)
2 f3/2(z)
z* z° z°

Withexpansionof f (Z)=Z——+——-——+........
2n 3[‘1 4n

\Y/
5/2(2) and N zlg_3 f32(2)

2n 3n 4n
hence f5,(Z) = f5,, 1

z 7 7° Withsubstitutionofn=§0r§
f(2)= 2[1— s ] 505

Y
Hence total energy of systemsis E_— TIg Z withinclusionof N = (‘l:] Z

3
Then total energy of systemis E= E NKT is result of classical ideal gas

Case?2

) L ro s .
At low temperature and high density —| ° >>1or —| > = oo When T — O thegasis degenerate.
g g

3

For Fermi gas >> 1 with mean number of single particle sate with energy e

1 -m
N, )=————— where Mischemical potentiadlanda = —-bmanda =—
< e> eb(e—m) +1 kT

No of quantum states with energy lying between e to € + de is

\V
g(e)de — 2phg 3/2 1/2de
e)de
Hence the total number of particlesintherange e to €+ de is n(e)de = i(fm))
2pgV e'?de

n(e)de = p93 (2m)*? ————

h e’e™ 41

\Y - e'?de
Hence total number of particlesis N = 29 32 —— and
h® ebem g
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_ 2pgV a2(e  €¥%de
E="p @MYL e

In the limit T — Ochemica potentiadl M— IM, with completely degenerate and mean occupation number is <ne> =1 for

e<m and <ne> =0 for €> M,. The limiting chemical potential M), corresponds to Fermi energy e, of the system. At

T =0 all the particles upto states e = e, arefilled with one particle in each state and all the particles with energy e > e, are
empty.

Conclusion

Equation of Ideal Bose gas and Fermi gas equations were obtained. These equations resemble with Ideal gas at high temperature
for both Bose and Fermi gases. Particles though indistinguishable are realized with statistical aspects i.e. their occupation or
distribution among various energy levels with their correspondence implicated in its mathematical form.
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