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A (p,q)-graph G is called square sum (Acharya, 2011) if there exists a objective function

*
f:V(G) —> {0,1,2---([,-1)} such  that the induced function f ¢ E(G)—> N  defined by

2 2
Sfluv) = |:f(u):| +|:f(v):| for every edge uv € E(G)is injective. In this paper, we define Reverse square

sum iff-l :G) > {p -1L,p-2,---2,1, 0} . The sub-division graph S(G) is the graph obtained by inserting a

vertex a w of degree 2 into every edge uv of G such that uw and vw are two edges. We study here Reverse square
sum labelling in the context of Arbitrary Super subdivision of a graph .We show that the graph obtained by
arbitrary super subdivision of Paths, Stars, Tadpoles, Trees, Grid graphs, Armed crowns and Cycles are Reverse
Square sum.
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INTRODUCTION

All the graphs we consider in this paper are finite and simple,
without loops or multiple edges. Now, for most of the graph
theory terminology utilized here, the authors refer the reader to
Chartrand and Lesnaik (1986): however, to make this paper
reasonably self-contained , we mention that for a graph G, we
denote the vertex set and edge set of G by V(G) and E(G)

respectively. Moreover |1(G) = pand|£(G) = ¢. Acharya and

Germina (2011) defined a square sum labelling of a (p,q)-
graph G is said to be square sum if there exists a bijection

f:VG)—> {(), 1,2---(p-1 )} such that induced function
f* :E(G)—> N defined by fluy)= [j(u)]z +|:f(v):|2 for

every edge uv e E(G) is injection. In this paper we define

reverse square sum labelling of a graph G. A (p,q)-graph G is
said to be Reverse square sum if there exists a bijection

f'] V(G) > {p -1,p-2,---2, 1,0} such that an induced
function f”:E(G)— N defined by f(uy)= [f(u)]z +[f(v)]2
for ¥ edgeuv € E(G) is injective.

*Corresponding author: Asha, K.
New Horizon College of Engineering (NHCE), Department of BSH,
Kadabeesanalli, Bangalore.

Ife=uv is an edge of G and w is not a vertex of G then ’e’ is
subdivided when it is replaced by the edges uw and vw .If
every edge of G is subdivided the resulting graph is the
‘subdivision graph S (G)’. A graph H is called an arbitrary
super subdivision of G, if H is obtained from G by replacing

every edge e; of G by complete bipartite graph K, . (for
"

some m;, /< < qin such a way that the end vertices of each ¢;

are identified with the two vertices of partite set with

cardinality 2 of after removing the edge e; from graph G.

2,m;

If m;is varying arbitrarily for each edge e; then the super

subdivision is called arbitrary super subdivision and is denoted
by SS(G) (Katheresan and Amutha, 2004; Sethuraman and
Selvaraj, 2001). In this paper , we prove that the graph obtained
by arbitrary super subdivision of Paths, Stars, Grid graphs,
Trees, Tadpoles, Armed crowns and Cycles are Reverse Square

sum.Tadpole T(n,l) is a graph in which path p; is attached to
any one vertex of cycle C;. Armed Crown ¢, ) p, is graph in
which the path £, is attached to every cycle C,,. One point

union of m cycles of length n denoted as C,(im) is the graph

obtained by identifying one vertex of each cycle.
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Theorem 1.1:

Arbitrary super subdivision of path P, is reverse square sum.

Proof: suppose P, has the vertex { and edge set

v1,v2,v3,---,vn}

{VIVZ’VZV3’___’vn-]v”}' Construction of arbitrary super

subdivision of P, is same as replacing each edge

¢ =vivi pd<isn-I of P, by a complete bipartite graph

K wherem; , is a positive integer. Let u; be any vertex

2,mi
of the partite set with cardinality m; ,/<i<n-11<j<m;.

Then
‘V(SS(Pn))‘:n+m Where m=m;+my +———+m_ _,
Deﬁne,f.-V(SS"(Pn))—>{m+n-1,m+n-2,---,1,0}

By,f(v]):m+n—]
T )= i) -my s
f(”ij): f(Vl')'j,

One can easily verify that,

1<i<n-1

ISiSn—I,ISjSml-
f(V])>f(”]1)>f(“]2)>“>f(”]m1)>
f(V2)>f(“2])>f(”22)>“ >f(“2m2)>“ >
f(vn-])>f(u(n—])ml)>f(u(n—])m2)>" >f(u(n—])mn_1)>f(v”)

The edge labels of SS_I(Pn J)can be arranged in a decreasing

order and hence are distinct.

Theorem 1.2: Arbitrary super subdivision of path K In is

reverse square sum.

Proof: Let V(K])n) = {vl,vz,v3,———,vn}u{V0} and edge set
E(K7) = {vov1.v0v2.——v0vn}

Construction of arbitrary super subdivision of K In is same as
replacing each edge ei’l <i<n of K In by a complete

bipartite graph K m where m; is a positive integer. Let Us;
)

be any vertex of the partite set with cordinality m; .

I<i<nl<j<m,, Then V(SS(Kln)) =m+n+l
Where m=m;+my+---+my,
Define f:‘V(SS_1 (Kl n)) — {m+n,m+n-1,—-,1,0}

By f(vp)=0

f(v;)=m+il<i<n f(ulf) BN A R
I<i<nl<j<m,

E(G) = {vovij1<i<n 1< j<m;} U

{vpvij 1<i<n 1< j<m;|

Clearly, f(vl) < f(vz) <—-—-< f(v,) and

S0 < Sy < flugp) < === < Sy, ) <

Slag)) < flugg) < flumy) === < fluy)) <

Sltyg) < === < [t )

Hence the edge labels of SS -1 (Kl n) are distinct and can be

arranged in an decreasing order.

Theorem 1.3: Arbitrary super subdivision of cycle C,, is

reverse square sum.

Proof: Let {v1,v2,v3,—--vn} be vertices of the cycle C,, .

Lete; 1<i<n-1 be the edges of C;, with

~ViVitlo
ey =vpV; -

Construction of arbitrary super subdivision of C ,is same as
replacing each edgee, 1<i<n , of C,, by a complete

bipartite graph K m where m; is a positive integer. Let U
i

be any vertex of the positive set with cardinality m;

<i< <i<m.
I_l_n,l_]_ml.

Now ‘V(SS(Pn))‘ =n+m where m = my+my+---tmy
Consider two cases,

Case I: n is even

Define /¥ (557 (C,)) > fmtn-Lmn-2-- 1,0} by
o) =mn-
)= fop)-is ISTSm )= Sy, )-i
]SiSmn

J3) = Fltyy )1 )= fiy)-1
fluy )= fiv, )-i, 1<i<m,

Sty g)i) = gy )15 1<i<m,

J03)= Flty gy )1 fy )= f103)-1
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f(u3l.):f(vn_])—i, ISiSm3

f(”(n_g)i):f(u3m3)-i , I<ism, _,
f V[”+JJiJ:f[“[”mn]]-i I<i<m,
2 22 §+1

f u[liﬂj]:fLu[’;HmnHJ]-IIn the above vertex
2 2

labelling no two of the edge labels are same as the edge labels
are in descending order.

Case II: n is odd.

Define f;V(SS'](CH))%{m+n—],m+n—2,—--,],0}
by ftv;)=m+n-1
Sy )= fov;)-i
f(uni)zf(”]ml)-i ’ <m
fvy)= fluyy, )-1
ftv, )= fvy)-1
fun; )= fv, )-i,
fagy g)i) = fltgyyy )-15 I<i<m, |
f(v3):f(un-1mn_])']
fv, )= fv3)-1
fug; )= v, )- i,
Sty ;)= Mtz )-i s 1<i<m,

CEIRLEIREER

ISiSmZ

ISiSm3

2

In the above labelling of the vertices, no two of the edge labels
are same as the edge labels are in decreasing order. Generally
it is sufficient to check the labelling of edges with end vertices

labels (a,a+x)and (a+1,a+y) where af(v[ 1] x>y if
a |
2

o +(a2)? = (a+)? +(aty)

Substituting x - y = ¢ in the simplification of above equation

We get 6‘2 +2ac+ayc=2a+1

(solution) for any positive integer value of c. Hence all the
edges labels are distinct.

has no integer root

Theorem 1.4: Arbitrary super subdivision of Tadpole T (n, 1)
is reverse square sum.

Proof: Let {v1,v2,v3,—-—vn}be the vertex set of cycle C,, of
length n.

Let e.

= Vv lsisn-l be the edges of C,, with

e, =v,v; and Pl be the vertices

; path  with

v{ﬁ_,_]}’vn-i-]’vn-ﬂ’_"Vn-i-l—] where Tn
2 2

} is the vertex

common to both C,, and B Arbitrary super subdivision of

C,, obtained by replacing each edge ¢ of cycle C,by

where m:

; 18 any positive

complete bipartite graph K,
!
integer. Let uyj be any vertex of the partite set with cardinality

ml', 1S

I<i<nl<j<m, . The edge T

”+1T"+1 of Pl 1S

replaced by K, and edgev 1<i<-2is

Voo o
(n+1) n+1"(n+i+1)

replaced by g

’m(n+i+1)

Here

v (s5(r(n0))) = m+n+i-1

where =m,+m,+---+m_+ +--
m mI m2 mn mn+] m

Define f -"V(SS_I (T(”l)))

n+l-1°

— {m+n+l—2,m+n+l-3,-—-,],0}

as follows. The vertices of SS'J (Cn) is labelled as in the
proof of Theorem1.3.

Consider two cases

Case I: n is even.

Define
f: V(SS_] (PI ))‘ - {m+n+l—2,m+n+l-3,-—-,m1,mg,—--,mn :mn—l}
by f Tﬁ‘*‘l—l =m+2-(m;+tmy+---my)

2

f(vn+])=m+1—(ml+m2+---mn+])

S\, )=m+n-m .- flv )"
(l’ll) n+i n+i-1 2<i<i-1

(Mg My gy g Tty q0))
Sy, j)=m*2-(mytmy+---tmy, +j) ;

ISjSm(nH)

Sz ) =t L= (mymy e memy g+ )

ISjSm(n+2)
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f(“(n+1_1),j):m‘mn+1‘f‘f T%u} ’

I1<j<m

(n+1-1)

Case II: n is odd.

S Tn

=m+2-(m,+m,+---m, )+m
] [ T

2

f(vn+1) =mtl-(my+m, +"'mn+])+m[”+1—‘
2

S (i) =mem=1-2 flo )= (my iy omy

Tt Mi-2)

2<i<li-1

f(”(n+1),j)=m+2'(m1+m2 Fotm, ),

ISjSm(nH)

f(“(n+2),j):’"”'(m1 tmyto--tmy +f)+’"m=
2

ISjSm(n+2)

f(”(n+z-1),j):’”"”n+1'f'f Tn-i—zlﬂ ’

Isjsme, .y

In the above labelling no two edges labels are same and the
edge labelling is in decreasing order.

Theorem 1.5: Arbitrary super subdivision of Tree T is reverse
square sum.

Proof: Let T be a tree with n vertices. Construction of arbitrary
super subdivision of T is same as replacing each edgee;,

1<i<n-1, of T by a complete bipartite graph K om where
i

m. is any positive integer. Let m = my+my +———+m

i n—1

Then‘V(SS(T))‘ =m+n. Let v( be the vertex with

0,0)

minimum eccentricity in T. Choose V(O 0) as the root vertex.

Let k denote the height of T. Let 7, be the number of vertices

adjacent to V(O O) named as first level vertices say

% Y ,- . These vertices are at a distance 1
(11y"(1.2) |

(1 My

from v( 0 O) . Denote the vertices adjacent to

) by V(Z,])’V(2,2)’""V(2

in such
My )

v Y ===V
(1212 o,

a manner that vertices adjacent to v(l i) are labelled first in an

5

increasing order when compared to that v(.

i.j) Jd<i<j<n,

1

.These vertices are at a distance 2 from v( )and named

0,0

second level vertices. Proceeding like

ety k2)

this, let

) denote the vertices in k" level.
k

Define f:V(SS_1 (T))—){m+n—1,m+n—2,———,1,0}

byf(v(o’o))=m+n—1,1£i£n1 f(v(lgi))szrn—l—i,
1<i<n, f(v(3’,'))=(m+n—l)—(nl+n2+i)) JI<i<ng

f(v(k,i))=(m+n—l)—(n1+n2+——_+nk_1+,~)),1 gignk

With the above vertex labelling no two of the edges labels are
same as the edge labels are in a decreasing order.

Theorem 1.6: Arbitrary super subdivision of grid graph anPl

is reverse Square sum.

Proof: Let Vij be the vertex of anPl A<i<n <<,

Arbitrary super subdivision of anPl is obtained by replacing

every edge of grid graph with K m. where m; is any
"

positive integer and we denote the resultant graph by G. Let
2nl-l-n
m= % m.
i=1

cardinality m; ,1 <i <n .Here ‘V(G)‘ <nl

Let u/be any vertex of partite set of

Define, £ ™1 1(G) = {m+nl —1,m+nl -2,
follows,

——,1,0} as

Let f(V(Ll)):m+nl—l

Start from " of G, apply BFS algorithm and label the

vertices by m+nl-mm+nl-2,---1,0 in descending order,
the order in which they are visited. With vertex labelling no
two of the edge labels are same as the edge labels are in
decreasing order.

An immediate consequence of theorem 1.6 we have the
following
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Corollaryl.6.1: Arbitrary super subdivision of ladderZ,, ,

SS -1 (L,,) is reverse square sum.

Theorem 1.7: Arbitrary super subdivision of armed crown

C, I B is reverse square sum.

Proof: Let cycle C,, has the vertex set {v( L)Y 2,1)~Yn, 1)}

And ,2<i<n 1< <] be the vertices of paths.

i)
Arbitrary super subdivision of C,, [0 F} is obtained by
replacing every edge of C,,[J F} with K 2 m. where m; is any

positive integer.
mn

Let m= > m; and u be any vertex of partite set of
i=1

cardinality m; ,1<i < m Here V(SS(Cn 0 Pl))‘ =m+nl

Define f:V(SS_l(Cn 0 Pl))—>{m+nl—1,———,l,0} by

L1
apply BFS algorithm and label the
m+nl—1,———1,0 in descending order, the order in which
they are visited. With the above vertex labelling, no two of the

edge labels are same as the edge labels are in a descending
order.

f(V(Ll)):mﬂal—l Start from ¥y ofSS_l(CnD Pl),

vertices  as

Theorem 1.8: Construction of an arbitrary super subdivision

D) .
of C,(l ) is reverse square sum.

Proof: Arbitrary super subdivision of C,(j) is same as

where m

; s any

replacing each edge of C,(ll) by K 2
sml‘
positive integer and we denote this graph by G. Let m =X m; .

Here

V(SS(C,(Z)))‘ =m+I(n—1)+1. Denote the common

vertex of cycles by Y(0,0) - Let n, be the number of vertices

adjacent  to named as first level say

'(0,0)

v(l,l)’v(1,2)’_ -, v(l,nl) in clockwise direction. These
vertices are at the distance 1 from Y(0,0) denoting the vertices

adjacent by v(2’1) s v(2’2) ,——— v(2 nz) in such a manner that

>

vertices adjacent to V(1) are labelled first in a decreasing

order when compared to that of Y1, /) J1<j<n .

These vertices are at a distance 2 from V(O 0) and named

second level wvertices. Proceeding like this, let
v( k,l)’v( k2)y " v( k’nk) denote the vertices in the last
level.
. =1~
Define, f:V|SS™ (Cy” |) = {m+1(n-1),-—=1,0} by
=m+I(n-1
S0 =M =D S ) =mHl=D=ii<i<n
)
f(v(z’i)) = m+l(n—1)—(n1 +i),1<i<n,
f(v(3’l_)) :m+l(n—1)—(n1 +ny +i),1<i < ny
f(v(k,i)) =mAl(n=1)—=(n +ny +=——+n_|+i),
1<i< n

Case I: When n is even, with the above vertex labelling no two
of the edge labels are same, as the edge labels are in an
decreasing order.

Case II: When n is odd, it is enough to check the labelling of

edges with end wvertices having labels (a,a+x) and
(a +1,a+ y) where

2

a:f(yn_l),l.:1,3,___,21—1,x>y.If

—(a+1)? +(a+y)?  then k2 +2ak+2yk =2a+1
where x—y=c has no integer solution for any positive

o+ (a+x)

integer value of c.
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