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INTRODUCTION
Definition and Notation * Quasi M normal Operator:- An operator T on a Hilbert
space H is said to be a quasi M normal operator if T + T*
JIf T, & T, be two operators on Hilbert space H then we and T* T + T T* commute. Where T* stands for adjoint
define of T
[T, T,]=T,T,-T, T, [e[T+TXT*T+TT*]=0
le[ T+T*|[T*T+TT*]=[T*T+TT*][T+T*]
We say that T and T, commute if [ T;,T, ]=0 [eTT*T+T*T*T+T*TT*+TTT*=T*TT+ T*T
leiffT,; T,-T,T;=01ieT, T,=T,T, T*+T*TT*+TT*T*
[eT*T*T+TTT*=T*TT+TT*T*
* Selfadjoint operator:- We say that an operator T on
a Hilbert space H is selfadjoint ifT =T* Theorem 1:- IfT is a quasi M normal operator and £ be any
+  Normal operator:- An operator T on a Hilbert space scalar which is real than AT is also a quasi M normal
H is called a normal operator if T T*=T*T operator.
*  Quasi Nommal Operator:- An Operator T on a
Hilbert space H is said to be quasi normal operator Proof:- SinceT isa quasi M normal operator, therebre
if
[T+T*T*T+TT*]=0 )

[T, T*T ]=0ieTT*T=T*TT
Now if £ be a real number, then
*  Bi normal Operator:- An operator T on a Hilbert
space H is said to be a binormal operator if T T* AT)*=KT*=AT* )
and T* T commuteie [T T* T*T ]=0
eT*TTT*=TT*T*T
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{AT+)&T)*][)&T)*)&T)+)&T))AT)*}=1(3{T+

T#} { T*T +T T*} 3)
[{AT AT ) +)AT AT )} {AT + KT)*}] = £
{T*T+TT* T +T*} (4)

By equation (1), (3) & (4) we see that T is a quasi M normal
Operator.

Theorem 2:- Since T is a self adjoint operator on a Hilbert
space H then T is a quasi M normal operator on H.

Proof- Since T is a selfadjoint operator, then T =T * (1)
T+ T} {T*T+TT*}={T+T} {TT+TT}=4T" (2)
(T*T+TT* {T+T*}={TT+TT} {T+T}=4T (3)
By equation (1), (2) & (3) T isa quasi M normal operator.

Theorem 3:- Since T is a quasi M normal operator, then so
isT*

Given that T isa quasi M normal operator.
So, ) T+T*) I*T+TT*)=T*T+TT*)T+T*) (1)
Substituting T* for T in(1),

LH S= { T*+)T*)*} ()T T*+T*)T*)*} = (T*+T }
(TT*+T*T} 2)

Since )T*)* =T

RHS={)T*)* T+T*)I*)*} {T*+)T*)*} = {TT*+
T*T } {T*+T} (3)

By equation (2) & (3), T* is quasi M normal.

Theorem 4:- Let T be any operator on Hilbert space H.
Now consider the following

N, =T+T* N,=TT*N;=T*T; N,=T+T*+T*T+TT*
Then N;, N,, N3 & N, are quasi M normal operator on H.
Proof:- Here N; =T + T*

Ny¥={T=T*}*=T*+T*)*=T*+ T=N,

No¥= {TT*}*=)T*)*T* =T T*=N,

N3*: {T*T}*:T*)’I‘*)*:T*T:N3

Ny*= { T+ T*+T*T +T THp* =T*+ T*)* + T* (T* )*+
JT* P T*=T*+T+T*T+TT*=N,

So, Ny, N,, N3 & Njare self adjoint operator. But every self
adjoint operator is a quasi M normal operator, so N, Nj, Nj

& N, are quasi M normal operator.

Cor(i) :- The zero operator 0 and identity operator I are quasi
M normal operator.

Since 0* = 0;I* =1

0 & I are self adjoint operator so they are quasi M normal
operator.

Cor (ii):- Let be any operator on Hilbert spaceH, then I+ T *
T and [+ T T* are quasi M normal operator

As {T+T*T}*=T*+ T*)T*)* =]+ T* T

{I+TT*} =1*%+)T*)* T*=[+T T*

Theorem 5:- If T be an unitary operator on a Hilbert space
H, thenT is a quasi M normal operator.

Proof:- Since T is an unitary operator on Hilbert space H,
therefore T*T=T T*=1

Now )T+ T*))T*T+TT*)=T+T*))[+1)=2)T +
T*)[=2 )T 1+T*1)=2)T+T*)— (1)

Similarly, T* T+ TT*) )T +T*)=)[+1))T+T*)=2)I
T+IT*)=2) +T*) -———-(2)

By equation (1) &(2) T is quasi M normal operator.

Theorem 6:- Let T be a self adjoint operator on a Hilbert
space H and S be any operator on H, then

S* T S is a quasi M normal operator.
Proof- Since T is selfadjoint operator therefore T* =T
Now, )S*T S)=S*T*)S*)=S*T S

As, S* T S is self adjoint operator and every self adjoint
operator is quasi M normal operator

So, S* T S is a quasi M normal operator.

Theorem 7:- The set L ofall quasi M normal operators on a
Hilbert space H form a closed subset of B)H ) and contains
the set of all self adjoint operators and unitary operators on
H. B)H ) isa class ofall operator on H.

Proof:- Let L be the set of all quasi M normal operator on a
Hilbert space H. We shall show that L is a closed subset o
B )H ). Let T be the limit point of L. Then there exists a
sequence ofquasi normal operator{ T, }, such that T, —» T
as n —oo. We have to show that T belongs to L ie T is a
quasi M normal operator.

Now, || T+ T*)T*T++TT*)-)T*T+TT*) )T +T%)|
= H )T+T*) )T*T++TT* )7)Tn+Tn*) )Tn*Tn<i>’-l—‘1*lr-l—‘1*1>l< )+
)Tn+Tn*) )Tn*Tn+TnTn*)

- }I‘H*Tn—"_ TnTn* ))TH+TH*) +)’Tn*Tn+TnTn*) )Tﬂ+ Tn* )
_)’Tn*rn+ TnTn*))Tn+Tn*)|‘

<[OT+T*))TT ++TT*) )T, +T,*) T *T,+T, T,* )[| +
[T, + T,* ) T T, + T, T,* )T, T, + T, T,*) JT,+T.*) ||
+

|| )Tn*TnJrTnTn*) )Tn+Tn* ) - )T*T++TT*) )T +T*)||

— (0asn—oow

Which shows that || )T+ T*))T*T++TT*)-)T*T+ T
T*))T+T#) =0

e T is a quasiM normal operator.
e T belongto L

Thus every limit point of L belong to L. So L is a closed
subset of B (H).
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Since every self adjoind operator and unitary operator are
quasi M normal operator. So, L contain the set of all self

adjoint and unitary operators.

Theorem 8:- IfT 1 and T2 be two quasi M normal operators
such that each is the adjoint of other, then

T, +T,and T T, are quasi M normal operator.

Here, T1*=T, and T,* = T, since T; and T, are quasi M
normal operator, therefore

(T + Ty )T *T +T Ty * )= )T *Ty +T, T *) )T, + T %)
)Ty + Ty*) JT,* Ty + Ty To* ) = JT,* T, +T, Ty* ) JT, + Tr*)
Now, )T; +T, ) )T + T, )* )T} +T,) + )T +T, ) JT; +T5)
)T +T,)*

=)0 +T* ) T * +To* )* JT + T, ) +)T, + Ty ) )T +Ty)
)T, +T,)*

=)0 +T )T+ T )T+ T, )+ )T + T, )T, + T, ) T, +
T )=

Similady, )T} + T, )* )} + T, ) )T; +T, )+ )T, +T,) )T, +
Ty Y )Ty +T3 )= )T + T, ) wmmmn oo )

By equation (1) &(2) T; + T, is quasiM normal operator.

Again, JT|T, )* )T, T, )* JTI|T,) +)TT, ) JT,T,) )T, T, )*

= JI,T, )* JT,*T,*) )T T, ) +)T,T, ) JT; T, ) )T2*T; *)

)3: JT T, ) T, T, ) JT4T, ) + )T T, ) )T T, ) )T T,) =2 )T, T,
Similarly, )T,T, )* )T,T, ) )T,T, )+ )T|T, ) )T|T, )* )T, T,
=21 Ty )~ oo - 4

By equations (3) & (4) we seethat T T, is a quasi M normal
operator.

Theorem 9:- If T = UP be a polar decomposition of an
operator, where the null space of P and U is a unitary
operator. Then

[T+T*T*T+TT*]=0[ UP+PU* P*+ UP’U]=0
HereT=UP

T*=)UP )*=P*U* =P U*

HenceN )U )=N )P)

Now, [T+T* T*T + T T*]=0
[UP+PU*PU*UP+UPPU*]=0
[UP+PU* PP+ UP* U*] =0

[UP+PU* P+ UP*U* |= 0

[UU*=UU*=T]T

Theorem 10:- Let S be self adjoint operator on a Hilbert
space H and T be quasi M normal operator on H Such that S
T=TS, thenS T isa quasi M normal operator.

Proof:- Since S is a selfadjoint operator, therefore S* = S
Now, ST=TS

)ST)*=)IS)*
oT* Q% =Q* T*
T*S =S T*(1)

s skoskoskookokok

Since, T is a quasi M normal operator, so

YT+ TH*)T*T+TT*)=)T*T+TT*) T +T*)
eTT*T+TTT*+T*T*T+T*TT*=T*TT+TT*T
+T*TT*+TT*T*

ieTTT*+T*T*T=T*TT+T T*T* - ——- (2)
Now, )ST))ST) ST )*+ ST )*)ST)*)ST)
=)ST))ST))T*S*)+ )IT*S*))I*S*))ST)
=)ST))ST))T*S)+)T*S ) T*S))ST)
=)ST))ST))ST*)+)ST*)ST*))ST)

=S TT*+T*T*T) (3)
Similarly, ST )* ST ))ST)+)ST))ST)*)ST )*
=S I*TT+TT*T*) “)

By equation (2), (3) & (4), we find that S T is a quasi M
normal operator.

Theorem 11:- Let T = R + 1 S be any operator on a Hilbert
space H, whereR S =S R

ThenT is quasiM normal operatorifR SS=S SR

Proof- Here T =R +1iS

Therefore T*=R —18S
TT*=)R+i1iS))R-iS)=RR+SS+1i)SR-RS)
ieTT*=RR+SS

Similarly, T*T =)R —iS))R+iS)

Now, )T+ T*))T*T+TT*)={)R+iS)+)R—-iS)}
{2RR+2SS}
=2R)2RR+2SS)=4)RRR+RSS) 1)

Similarly, T* T+ TT*))T+T*)=4)RRR+SSR) (2)
We find that )T+ T*) T*T+TT*)=)T*T+TT*) )T +
T*)
Hence, ifSSR=RSS
Thereore T isquasi Mnormal ifSSR=R S S
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