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INTRODUCTION

The geometric study of dynamical systems is an important chapter of contemporary mathematics due to its applications in
Mechanics, Theoretical Physics. If M is a differentiable manifold that corresponds to the configuration space, a dynamical system
can be locally given by a system of ordinary differential equations of the form %! = fi(t; x), which are called equations of
evolution. Globally, a dynamical system is given by a vector field X on the manifold M X R whose integral curves, c(t) are given
by the equations of evolution, X o c(t) = ¢(t). The theory of dynamical systems deals with the integration of such systems. One
of the most important papers on the topic entitled Mechanical Equations with Two Almost Complex Structures on Symplectic
Geometry It has been used in this paper using two complex structures, examined mechanical systems on symplectic geometry. In
this paper, we study dynamical systems with Three Almost Complex Structures . After Introduction in Section 1, we consider
Historical Background paper basic. Section 2 deals with the study Almost Complex Structures. Section 3 is devoted to study
Lagrangian Dynamics .Section 4 is devoted to study Hamiltonian Dynamics.

Almost Complex Structures
Definition 2.1[http//en.wikipedia.org /wiki/almost complex structure]

Let M be a smooth manifold. An almost complex structure J on M is a linear complex structure (that is, a linear map which
squares to —1) on each tangent space of the manifold, which varies smoothly on the manifold. In other words, we have
a smooth tensor field J of degree (1,1) such that J2 = —1 when regarded as a vector bundle isomorphism/J: TM — TM on
the tangent bundle. A manifold equipped with an almost complex structure is called an almost complex manifold.
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Integrable almost complex structures
Definition 2.2 [http//en.wikipedia.org /wiki/almost complex structure]

Every complex manifold is itself an almost complex manifold. In local holomorphic coordinates Z = xj + iy, one can define the

maps
d d d 0

o) ()

0xy Oy Y 0xy

Proposition 2.3

Suppose that {x;, x,, X3, X4, X5, X¢ }, be a real coordinate system on (M, ]). Then we denote by

0x, 0x, 0x3 0x, 0xs’ 0xg

{dx,, dx,, dx3, dx,, dxs, dxg}
Ge)=5 'Ga)=5n 'Go)=%
J ox,)  ox, ' J ox,)  0x; ' J 0x3/)  0x,

L R R B R O R

lexl+ix2,Z2:x3+iX4, Z3=x5+ix6

d d d d
]2(_ =_=]<_) =——
0x; 0x, dx, J0x;

Proposition 2.4

The dual form J* of the above J is as follows

J2(dxy) = J*(dxy) = —dxy
J?(dxy) = J*(—dx;) = —dx,
J?(dx3) = J*(dxy) = —dx3
J2(dxy) = J*(—dx3) = —dx,
J?(dxs) = J*(dxe) = —dx,
J#(dxe) = J*(=dxs) = —dxg

Theorem 2.5 [Mehmet Tekkoyun, 2009] Let M be m-real dimensional configuration manifold .A tensor field J on T*M is
called an almost complex structure on T*M if at every point p of T*M , J is endomorphism of the tangent space T,," (M) such that
J? = —1 are complex is J*2 = J* o J* = —1 is called structures are complex manifold

Lagrangian Dynamical Systems
Definition 3.1. A Lagrangian function for a Hamiltonian vector field X on M is a smooth function L : TM — R such that
ixdy, = dEy, €Y)

Let ¢ be the vector field by
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a a a a a a
f—X16—M+X2E+X3E+X4a—x4+x5a+xﬁa (2)
And
X1=5C1, X2=5C2 ’ X3=5C3, X4=5C4 ,X5=5C5,X6=x6

U—()—XaXa+XaXa+XaXa
=/ = Lox, > 0x, 30x5 *ox, > 0xs ©dx,

Let that Liouville Vector field on complex manifold (M, U)

Kinetic energy given T:TM - M

T =%mi(5c12 + X5+ %5 + %5 + % + x8)
Potential energy P: TM — M

P =m;gh

The Lagrangian function (energy function)
L=T-P

E/ =Ug (L) -L

Is vertical derivation (differentiation) d; is defined
dg, = [i(;],d] = ig,d — di,

¢1, = dd4 L such that

4] 0 6] 4] 0 0
mEP o —dx, + —dx; ——dx dxs _6_365

— d 3
0x, dxg * 0x¢ %s ®

Defined by operator d;: A(M) - A'M

dL—(ad 9 gy + Ly -, + ad)
1L = G, 1~ ox, P2 T gy, B8 T gy, et gy s T gy, e ) L
dL_aLd aLd +6Ld 6Ld 6Ld 6Ld 4
I = Gx, O T oy, X2t gy, 08 T gy, AN gy 0Xs T gy e )
That
ad 0 ad d d d
by = —d(dGl) - —d (del ~ gy e +a—4dx3 g e g = 5 dxﬁ)
3L 3%L
b = 6x16x ——dx; Adx, + ™ de ANdx, — ax dx1 ANdxs + . dx1 ANdx, — ax de ANdxs + rdx1
2L

dx6 = " omom ——dx, A dx1 ™ dx2 A dx2 . dx2 A dx3 3xs0 dx2 A dx4 o7 dx2 A dx5 . dx2 ANdxg —
. 6x2 dx; ANdx; + o a dx3 A dx2 ~ d = dx3 A dx3 dx3 A dx4 ax dx3 A dxs dx3 A dx6
- ax ax dx4_ A dxl a dx4_ /\ dxz a dX4 A dX3 dx4_ /\ dx4_ 6 dX4 A de a dx4 /\ dx6

2L
~ omedm dxs ANdx; + ™ dxs ANdx, — PP dx5 ANdxs + ™ dxs ANdx, — P dxs ANdxs + ™ dxs Adxg

a%L

2 2 2 2 2
3x0ms dxg Ndx; + ™ dx6 ANdx, — . dx6 ANdxs + P dx6 ANdx, — e dx6 ANdxg + . dx6 Adxg
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Calculate ¢ (&)

92L 2 2 2 2
i = =|—-z——=—dx; Ad ———dx; Adx, ————dx; Ad ———dx; Adx, ————dx; A d
ix = 615 ( 0x,0x, XA dxg+ 0x,0x4 1 A oX, 0x10x, X1 /A GXs +6xlax3 X1 A GXy 0x,0x¢ 1/ GXs
ZL 2 2 2 2
———dx; ANdxg- ———=—dx, Ad ———dx, ANdxy, ————dx, ANd ——dx, ANd
0x,0x5 %1 /A X 0x,0x, Xz Adx + dx,0x, X2 A %2 0x,0x, Xp M dxs + 0x,0x3 Yo %
o°L dx, Ndxs + o°L dx, Nd o°L dxs Ndx; + o°L dxs Nd i dxs ANd
0x,0x, ¥2 0 Xs 0x,0x5 2 0% 0x30x, Y3 G5 0x30x; ¥3 A 0X2 0x30x, ¥3 /03
o°L dxs ANd i dxs ANdxs + i dx; ANd o°L dx, Ndx; + o°L dx, Nd
0x30x5 *3 /A 0% 0x30x, %3 /0% 0x30x5 *3 /A X 0x,0x, Xa MO0 0x,0x, Xa L X2
0L 0L 2 9? 2
————dx, Nd ———dx, ANdx, ————dx, Nd ——dx, Nd - dxs ANd
0x,0x, X M dxs 0x,0x3 Xa % 0x,0x¢ X M dxs + 0x,0x5 ¥4 10X dxs50x, s A G5
aZL 2 2 2 aZL
dxs ANdx, ———=—dxs Ad dxs Adx, ———=—dxs ANd ———dxs Ad
0x50x; X5 /A 02z X50x, Xs A dxs + 0x50x3 Xs A 0%y 0x50x¢ Xs M dxs + 0x50x5 s /A 66
o°L dxe Ndx; + o°L dxg Nd o°L dxe Ndxs + o°L dxg ANd o dxg ANd
0x40x, Xe A 0%y 0xg0x; e /A 02z Xg0x, Xo 1 043 0xg0x5 Xo /1 02y 0x50x¢ Yo A 0%s
i dxe A d (Xl 0 + X2 0 + X3 0 +X* 0 +X° 0 + X6 a) 5
0x40x5 Xe /A GX6 0xq dx, 0x5 0x, O0xs 0x¢ ®
From the energy equation we get
oL oL oL oL oL oL
E,=V(L)—L=X'—— X2 4 X3~ —x* 4 x5 _x6__ | 6
L O d0x, dx, 0x, J0xs 0xg 0xs (®)
In the equation of the energy equation we obtain
dE—(ad dx, + d ad +ad ad)(XlaL ;oL X3aL X46L XSaL
L7 \ox, *1 0xq 2 0x, %3 0x3 %4 0xg s 0xs %s Jdx, 0xq 0x, x5 0xg
X6 oL L)
0xs
2L 2 2 aZL 2L 2L
dE, = X! d Xt d Xt d X d X d Xt d
L= axax, T n0m, T axax, B T axax, 4T Gxsax, 5 T Gxiax, 6
2 2L 2L 2L 2L 62
-X? dx, — X? dx, — X? dx; — X2 dx, — X? d X2 d
0x,0x, X1 0x,0x; 2 0x30x; X3 0x,0x; Xa 0x50x; s 0x50x; e
+x3 ‘L dx, + X3 oL dx, + X3 ‘L dx; + X3 i dx, + X3 i dxs + X3 ‘L d
0,07, T a0, 2 T xy0x, T T G0, T Gxgax, T T Gxgan, 6
0%L 0%L 2L 2 2 2L
-X* dx, — X* dx, — X* dx; — X* dx, — X* dxs — X* d
9,003 T T B0 2 TN Gxa0xs B T G0 TN Gxgdng T 7 Gxgdns 6
+X° ‘L dx; + X° oL dx, +X° L dx; + X° i dx, +X° i dxs + X° ‘L d
9x,0% T a0, 2 T xaaxg T T G0 TN Gxgang T T Gxgdng 6
0%L 0%L 2L 2 2 )
-Xe dx, — X° dx, — X° dx; — X° dx, — X° dxs — X° d
9x,0x5 T T Bt 2 TN Gxgixs TP T Gkt TN Gxgdng T 7 Gxgdng 6
oL p oL p oL p oL p oL p oL p o
9o, T A, 2 T 9, O T B, T By 5 T G e

Equation of Equation (6) with Equation (7) we obtain
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ix¢L = dE,
(X1 0 + X! 0 + X! 0 + X! 0 + X! 0 dxs + X* o )(aL)d +6Ld
dx, dx, 0x3 0x, 0xs X5 d0xg/ \0x, X1 dx, X1
(Xl o + X! o + X! o + X! o + X! 0 dxs + X* o ( L)d +aLd
d0x; dx, 0x3 0x, O0xg *s 0xg/ \0x4 *2 dx, *2
(X1 0 + X! 0 + X! 0 + X! 0 + X! 0 dxs + X' a) aL)d +aLd
dx, Jdx, 0x3 0x, 0xs X5 0xg/ \0x5 X3 0x; X3
(X1 0 + X! 0 + X! 0 + X! 0 + X! 0 dxs + X' o (aL)d +aLd
dx, Jdx, 0x3 dx, 0xs X5 0xg/ \0x, Xa 0x, Xa
(Xl 0 + X! o + X! o + X! o + X! o dxs + X* a) aL)d +aLd
0x; dx, 0x3 0x, 0xs *s 0xg/ \0xs *s 0xs *s
<X16+X16+X16+X16+X16d +X16 (aL)d +aLd =0 8
dx, Jdx, 0x3 dx, 0xs X5 0xg/ \Oxg *e 0xe *6 = ®
Be an integral curve .in local coordinates it is obtained that
Suppose that a curve
a:l € R » T*M = R*™
is an integral curve of the Lagrangian vector field Xy, i.e.,
da(t)
X t)= , tel
L((X( )) dt
In the local coordinates, if it is considered to be
a(®) = (x1(0), %2 (1), x2(6), x4 (1), x5 (1), %4 (1))
we obtain
da(t) dx; 0 dx, 0 +dX3 0 +dx4 0 +dX5 0 +dx6 0
dt ~ dt dx, dt dx, dt dx; dt dx, dt dxg  dt dxg
X16+X16+X16+X16+X16d +Xla—a 9
L TR PR PRI PR R PR
Taking the equation(8) = the equation (9)
6<6L) +6Ld 0 6(6L)+6L 0
—_——— —_— = e d —_—— _—
9t \ax,) 1 T o, 1 at\ax,) " 9x,
6(6L)d +6Ld 0 6(6L>+6L 0
—_—— —_— = e d —_— | — —_—
9t \ax,) “*2 T gy, X2 at\ox,) T ax,
a<aL)d +6Ld 0 6(6L> aL
—_——— —_— = e d —_—— — —_—
9t \ax;) 73 T G, 2 9t\ox,) * ox,
a(aL)d +6Ld 0 6(6L)+6L 0
—_—— —_— = e d —_—— —_—
9t \ax,) T+ T o, 4 at\ox,/) " ox,
a<aL)d +6Ld 0 6<6L) oL
—_——— —_— = - - — | — —_—
9t \9xg) 5 T G 5 9t\oxs) * 9xs
a(aL)d +6Ld 0 6(6L>+6L 0
—_—— —_— = - — | — _—
9t \9xg) 6 T G X6 at\ox,) " 9xg
And
(’)(6L)+6L_ 6(6L)+6L_0 6<6L) c’)L_0
at\ox,) ox, ' at\ox,/) ' ox, ' at\oxs/ " ox;
6(6L)+6L_0 6<6L>+6L_0 6<6L)+6L_0 10
at\ox,/) " ox, ©oot\oxs)  oxs at\ox,) '~ 0xg (10)

Hence the triple (M, ¢y, ) is shown to be a Lagrangian mechanical system which are deduced by means of an almost real
structure ] and using of basis {% :i=1,2,3,4,5,6 } on the distributions M

Hamiltonian Dynamical Systems
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Definition 3.1 [Zeki Kasap, 2015]. A Hamiltonian function for a Hamiltonian vector field X on M is a smooth function

H: M - R such that

iXH('O = dH

an

Definition 3. 2[Zeki, 2016]. A Hamiltonian system is a triple (M; w; H), where (w; H) is a Symplectic manifold and H €

C*” (M) is a function, called the Hamiltonian function.

Suppose that an almost real structure, a Liouville form and 1-form on T*M are shown by ®*, A and w, respectively. Then we

have

1
w=3 (x,dx; — X,dx, + X3dX3 — X,dX, + X5dXs — XgdXg)

and

1
r=3 (xJ " (dxy) + %) (dx3) + X3]"(dx3) + X4 (dx4) + X5]"(dx5) + X6 " (dx) + X7 (dX7) + xg] " (dxg))

We substitute equation (12) in equation (13) we get
1
A= (w) = 3 [—x1dx;, + X,dx; — Xgdx, + X,dX3 — XsdXg + XgdXs]

differential of A

b=-dr=

= —d% [—x1dx, + x,dx; — X3dx, + X,dX3 — XsdXg + XgdXs]

It is known that if ¢ is a closed 2- form on T*M, then ¢y is also a symplectic structure on T* M.
¢ = dx, Adxy + dxy Adxz + dxg A dxs

If Hamiltonian vector field Xy associated with Hamiltonian energy H is given by

Xy =X i + X2 i +Xx3 i +X* i +X° i +X6 i
H= 0%, 0%, )& 0%, 0Xsg 0%¢

Calculates a value Xy and ¢

: 1 a 2 a 3 a 4 a 5 a 6
1XH¢)=¢)(XH)=(dxz/\dxl+dX4AdX3+dx6/\dX5)(X — 4+ X —+X—+ X —+X—+ X —

0%, 0%, 0% 0%,

ix, ® = —X'dx, + X?dx; — X3dx, + X*dx3 — X*dxs + X®dx;

So we find that

X1=i , X2=—i ,X3=i,X4 _i ,X5=i ’X6=_i
0%, 0% 0%, 0% 0Xg 0Xg

Moreover, the differential of Hamiltonian energy is written as follows:

dH = 6H6+6H6 6H6+6H6 6H6+6H6
T 0x,0%x, 0%,0%, 0x,0%3 0%X30X, O0Xc0Xs 0Xs 0%

Suppose that a curve
ol € R - T*M = R?"

is an integral curve of the Hamiltonian vector field Xy, i.e.,

(12)

(13)

(14

(15)

(16)
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da(t)
dt ’

t €L

Xy ((X(t)) =
In the local coordinates, if it is considered to be
a(®) = (x1(), %2(0), %5 (), x4 (1), X5 (1), X4 (1))
we obtain

da(t) dx; 0 dx, d dxg 0 dx, 0 dxs 0  dxs 0
dt ~ dt 9x, dt dx, dt dx; dt dx, dt dxg dt Oxg

(17)

Taking the equation(15) = the equation (17)

0H 0 O0H 0 0H 0

OH 0 0H 9 OH 8 dx, 0 dx, @ dxs 0 dx, 8 dxs @  dxg 0

9%, 0%, T 0%, 0%, 0%, 0%s | 0%, 0%,  O%g0xs | OxoO%g _ dt dx, | dt ax, T dt ox; | dt 9%, | dt dxg | dt oxg

By comparing the two sides of the equation we get the

OH 0 dx, 0 oH  dx,
—_—_— ——— —2 —_——

0x, 0x,;  dt 0x; 0x, dt
O0H 0 dx, 0 = oH _ dx,
0x, 0%,  dt 0x, dx, dt

OH 0 dx; 0 OH  dx,
—_—— ————— = - — = —

0x, 0x3  dt 0xs 0x, dt
O0H 0 dx, 0 - OH _ dx,
0x50x, dt 9x, dx,  dt

OH 0 dxs 0 - OH _ dxs

Oxg 0xs  dt 0xs dxg  dt
O0H 0 dxs 0 OH _ dxg

0Xs 0X¢ _EE = 0Xs T dt

Thus Hamilton's equations are

OH dx, OH dx, OH dx;

ax, dt ' 0x, dt ’ dx, dt
OH dx, OH  dxg JH dx,
— = - = ="t (18)
0% dt 0xe dt 0xs dt

Hence the triple (M, ¢, Xy) is shown to be a Hamiltonian mechanical system which are deduced by means of an almost real
structure j* and using of basis {% 1= 1,2,3,4,5,6} on the distributions T*M

Conclusion

Thus, equations Lagrangian of equations (10). And equations of Hamiltonian equations (18) with Three Almost Complex
Structures.

REFERENCES

http//en.wikipedia.org/wiki/almost complex structure.

Mehmet Tekkoyun -Lagrangian and Hamiltonian Dynamics on Para-Kahlerian Space Form-arXiv: 0902.4522v1 [math.DS] 26
Feb 2009.

Newlander, A. and Nirenberg, L. 1957. "Complex analytic coordinates in almost complex manifolds", Annals of Mathematics.
Second Series, 65 (3): 391-404,d0i:10.2307/1970051, ISSN 0003-486X, JSTOR 1970051, MR 0088770

Oguzhan Celik, Zeki Kasap, Mechanical Equations with Two Almost Complex Structures on Symplectic Geometry, April 28,
2016.

Zeki Kasap, 2015. Conformal E Lagrange Mechanical Equations on Contact 5- Manifolds, International Journal of Innovative
Mathematical Research, Volume 3-Lssue 5 May, pp41-48.

Zeki KASAP, 2016. Hamilton Equations on a Contact 5-Manifolds, Elixir Adv. Math., 92; 38743-38748.

FTefedefedd



